Questions & Solutions

PAPER-2 | SUBJECT : MATHEMATICS

PAPER-2 : INSTRUCTIONS TO CANDIDATES

« Question Paper-2 has three (03) parts : Physics, Chemistry and Mathematics.
* Each part has a total of eighteen (18) questions divided into three (03) sections (Section-1, Section-2 and Seclion-3).
* Tolal number of questions in Question Paper-2 are : Fifty Four (54) and Maximum Marks are One Hundred Ninety Eight (198).

Type of Questions and Marking Schemes

SECTION-1 (Maximum Marks: 18)
* This section contains SIX (06) questions.
* The answer lo each guastion is a SINGLE DIGIT INTEGER ranging from 0 to 9, BOTH INCLUSIVE.

* For each question. enter tha corract numerical value of the answer using the mouse and the on-screen virlual numeric kaypad in the
place designated to enter the answer. .

* Answer to each guestion wil be evaluated according to the following marking scheme :

Full Marks - +3 |t ONLY the correct numernical vaue is entered.
Zero Marks - 0 If the question is unanswerad.
Negative Marks : =1 In all ather cases.

SECTION 2 (Maximum Marks: 24)

¢ This saction contains SIX (06) questicns.

¢ Each question has FOUR optionis ONE OR MORE THAN ONE of these four oplion(s) is(are) corract answer(s).
¢ For each quaston. choose the option(s) corrasponding to (all) the correct answer(s).

* Answer o each question will be evaluated gecording to the following marking schams.

Full Marks - +4 |f only (all) the correct option{s) is {are) chosen.

Partial Marks : +3 If all the four options are correct but ONLY three options are chosan.

Fartial Marks : +2 If three or more options are correct but ONLY two options are chesen and both of which are correct.
Partial Marks : +1 If two or more options are corract but ONLY one option is chosen and it is a correct option.

Zero Marks - 0 It none of the oplions is chosen (i.e. the question is unanswearad).

Negative Marks -2 In all other cases.

SECTION 3 (Maximum Marks : 24)
* This section contams SIX (06) guestions. The answer 1o each guestion is a NUMERICAL VALUE.

* For each question. enter the correct numerical value of the answer using the mouse and the on-screen virtual numenc keypad in the
place designated to enter the answer. If the numerical valua has more than two decamal placas, truncate/round-off the value to

TWO decimal places.
o Answer lo each guestion wil be evaluated gecording to tha following marking schems -

Full Marks - +4 |f ONLY the correct rumencal value is entered.
Zero Marks 0 In all ather cases.




PART : MATHEMATICS

SECTION-1 (Maximum Marks: 18)
o This saction contains SIX (06) questions.
¢ The answer lo each guestion s 2 SINGLE DIGIT INTEGER ranging from 0 to 9, BOTH INCLUSIVE.

o For each quastion. anter the correct numerical value of the answer using the mouse and the on-screen virtual numeric keypad in the

place designated to enter the answer. .

o Answer to each question wil be evaluated according o the following marking scheme :

Full Marks = +3 It ONLY the correct numerical vaue is entered.
Zero Marks - 0 If the question is unanswared.
Negative Marks : =1 In all ather cases.
1. For a complex number z, let Re(z) denote the real part of z. let S be the set of all complex numbers z

satisfying z* — |z|* = 4 iz, where | = V=1. Then the minimum possible value of |z1 — z2/2. where 21,
2z = S with Re(z1) > 0 and Re(zz) <0, is ...

Ans. 8

Sol. Z-|z*=4iz2 = 74— Z2 - 4i2?

= 2%(z2 - Z7?) = 4iz2 = 2#-72% =4
= (z+Z)(z-2Z)=4di
-
{ZTZ\_ [Z ,ZE:1 = Xy=1
2 ) 2
for z: & z2 = X1¥1=1 and  xzyz=1

x: & xz are of opposite sign similarly
y1 & yz are of opposite sign
= X1>0,y:>0.x2<0.y2<0
Now (21— 222 = (X1 — x2)2 + (y1 — y2)?
= X{ +X3+Y] +Y5 — 2xXe = 2ysys
= X+ X5 +y5 +y3 +2x1 (—x2) + 2y1(-y2)
= 8(XT X323 2% (—x2).2y+(—yz2)!?
= 8((xy1)* (xay2)?)'®
=8



25 The probability that a missile hits a target successfully is 0.75. In order to destroy the target completely.
at least three successiul hits are required. Then the minimum number of missiles that have to be fired so
that the probability of completely destroying the target is NOT less than 0.95, is .....

Ans. 6

Sol.  Pjof destroying the target) = 0.95

CYFIFECYSEIVEN YY) TR
RGO H A NES

95,1 8 nn-1) 9
100 4" 4" 2 ‘4

n-

4" _2+6n+9n° —9n

20 2
2n-1
25 >9n°-3n+2

220-1>5(9n°—3n + 2)
n=3=32=5x74

n=4=128=5x 132
n=5=51225x 212
n=5=2048=5 x 308

—

3. Let O be the centre of the circle X2 + y2 = 2, where r > L25 . Suppose PQ is a chord of this circle and the

equation of the line passing through P and Q is 2x + 4y = 5. If the centre of the circumcircle of the triangle
OPQ lies on the line x + 2y = 4, then the value of ris .....

Ans. 2

Sol.




Circumcentre C of AOPQlieson x + 2y = 4
LetC = (4 -2, a)

OC 1L PQ = Moc.Mpg = =1
[ & ¥ 2 8 (4 8]
s — |=—1 g s
[4-2(1} 3) - "3 + s
=
OM = 10+0-5] ~5
¥22 442 B
601
CM = —
J22 4 2/5
P 2
B 8 4
OC=PC= [l= o [
J(SJ +[5J Js
Now PM? = OP2 - OM? = PC? - CM? = l'a—ézlf'——g— =2
4 5 20
4. The trace of a square matrix is defined to be the sum of its diagonal entries. If Ais a 2 x 2 matrix such

that the trace of A is 3 and the trace of A% is —18, then the value of the determinant of A is ...
Ans. 5

a b
Sol. A= ] |Al=3a-a?-bc=5
lc: 3-a

Aa_[: 323][2 :,fa][: 3:}

| a®+bc  ab+3b-ab [a b]
ac+3c-ac cb+(3-af |lc 3-a

|a®+be 3b [a b]
3¢ cb+(3-af|lc 3-a

tr(A% = a® + abc + 3bc + 3bc + 3bc—abc + (3-a)*=— 18
a*+9bc+(3-a)r=-18
9bc +27-3.3a(3-a)=-18
bc+3-3a+a2=-2
3a-a2-bc=5 = |Al =5



5. Let the functions :(=1,1) —~ R and g: (-1, 1)~ (-1, 1) be defined by
fix)=2x-1+|2x+ 1| and g{x)=x-[x],
where [x] denotes the greatest integer less than or equal to x. Let f ¢ g: (—-1,1) — R be the composite
function defined by (f ¢ g)(x) = f(g(x)). Suppose ¢ is the number of points in the interval (-1,1) at which
f ¢ gis NOT continuous, and suppose d is the number of points in the interval (-1,1) at which f ¢ g is

NOT differentiable. Then the valug of c + is

Ans. 4
—4x x<—1—
2
Sol. fx)=|2x—1[+2x+1|=12 , —1ex<!
2 2
R x>l-
2

g(x) = {x}

~dgx) . o)<
1

f{g(x)) = 2 . —-;- Zg(x)= —2-

agix) . g(x)>g

graph of g{x)




6. The value of the limit

l 4V2(sin 3x + sinx)
t*nl; (2 sin 2:5“\%‘-4— cosi:-) - (\/5 + VZcos 2x + cos“_T‘)

is
Ans. 8
Sol lim 82 sin2x.cosx
X2 e paslhil o DX (s e 3x
3 COS- —COS - +CO0S 2.2c0S° X +C0S
2 2 2 2 )
s 442 2. 2sinxcos x.cos x
x% 2sinx sin; +2$in3xsin-; -22cos?
b 16V2sinxcos®x

x> 2sin—§ (2sin2x.cosx)-2+2 cos? x

. 16J§ sinx
= |lim X
X2 2sin2.4sinx—2v’§

ez _1edz g
a2-2f2 a2

SECTION 2 (Maximum Marks: 24)
o This saction contains SIX (06) questions.
« Each question has FOUR options ONE OR MORE THAN ONE of these four option(s) is(are) correct answer(s).

o For each question. choose the options) corresponding 1o (al) the correct answer(s).

* Answer to each question will be evaluated gccordi

Full Marks - +4 It ondy (all) the correct option(s) is {are) chosan.

Parhal Marks : +3 If all the four oplions are correct but ONLY three options are chesen.

Partial Marks : +2 It three or more options are correct but ONLY two options are choesen and both of which are correcl.
Partial Marks : +1 If two or more oplions are corract but ONLY one oplion is chosen and it is a corract cption.

Zero Marks - 0 1f none of the options is chosen (i.e. the quastion is unanswerad).

Negative Marks ! =2 In all other cases.




Ans.

Sol.

Ans.

Let b be a nonzero real number. Suppose f : R — R is a differentiable function such that {{0) = 1. If the

derivative f' of f satisfies the equation
. f{x)
f(X) N b2 + XZ

for all x € [, then which of the following statements is/are TRUE?
(A) If b>0, then f is an increasing function

(B) If b<Q. then f is a decreasing function

(C) flx)f(=x) =1 forall xe &

(D) (x)—f(-x) =0 forall xe R

(AC)

; f(x f'(x 1

o) = Pl G e

= inf(x) = -:;tan"-:(-)

~H0)=1-.0=C=C=0

+C

o (XY = A i
6 b

1, -1X

= f(x) = e’ b

U L

L Px)=eb b b2—~' , >0 forx € R
+X

2 1 ~12
-2k Sl
! g b—g b L]

f(x) . f(=x) = eb' #1

Let a and b be positive real numbers such thate = 1 and b < a. Let P be a point in the first quadrant that
2 yz

lies on the hyperbola -X—2 = ;)3 =1. Suppose the tangent to the hyperbola at P passes through the point
a

(1, 0), and suppose the normal to the hyperbola at P cuts off equal intercepts on the coordinate axes.
Let A denote the area of the triangle formed by the tangent at P, the normal at P and the x-axis. If e
denotes the eccentricity of the hyperbola. then which of the following statements is/are TRUE?
(A)1<e<y2 (B) v2<e<?2 (C)A=at (D) A =b*

(AD)



Sol.

Ans.

\ 135¢
/ 1.1\ B\\
3 A

Tangent at P

AR Ym0 o 1 Passes through (1. 0)
a b
sec=a

Now slope of AP = 1
bsech _

-1= b=tand
atané

Now b%-azle? -1

tanB-sec? 0 e® —1) = e? —1-sirf0

2 —1¢01] - 0e (o,-‘;]

e’ e[l. 2]=>1<e<J§

Now A(1, 0)andP(asecé,btan6) = (sec?, tan26)

AP —tar? O+tanf 8 = AP —v2tand (-~ AAPB is isosceles)

area = %{AP)2 =%x2tan“ o-b*

Leti:R —» Randg:R — R be functions satisfying
f{x + y) = 1(x) + {{y) + {{x)f{y) and f(x) = xg(x)

forallx.y = R.If Iilpo g{x) = 1, then which of the following statements is/are TRUE?
X

(A) 1 is differentiable at every x € R

(B) If g (0) = 1. then g is differentiable at every x = R
(C) The derivative f'(1) is equal to 1

(D) The derivative f(0) is equal to 1

(ABD)



Sol. - Putx =y = 0 in given relation.

=5 i(0) = f{0) + 1(0) + f3(0)
= i(0) =0 or -1

f(x + y) = 1(x) + i(y) + f(x).fy)

I(x+y) =109 _ Hy)1+i{x))

y y
- nm(w] = lim(1+f(x))."Y)
y-+0 y ) ¥yl y
= f'(x) = 1 +1(x)
=  0)=14+f0)
=  1(0)=1+0
= f(0) =1
. . f(x)
!('_T,g(x)= !('“)g—;— =

i BRGNS t'{x)dx
A =1 A Tl s
gain 1-1(x) =>j1 f(x)dx fdx

=/m(1+f(x))=x+C

=1 +{x)]=x
=1+fx))=¢
=f(x)=e*=1=1(x) =e*s
=f(1)=¢

9(0+h)-g(0)
h

1) _e*=1
X

ol = = === y(0") = lim

If g(0) = 1 then

e -1

-1 h
3 ; -1-h 1
09 = lim—b— —im & =—
g'107) hl—,o h nl-,o h? 2

g-(o—)? lim g(O—h)—g(O) — ki e -1
" h0 =g iR o=

gin Bl ol 1
h-0  h2 2

g(x) is differentiable



10.

Ans.

1.

Ans.

Let @, 2. v, § be real numbers such that @+ 2+ y?# 0 and a + y = 1. Suppose the point (3, 2, -1) is the
mirror image of the point (1, 0, —1) with respect to the plane ax + fy + yz = §. Then which of the following
statements is/are TRUE?

(A) a+ =2 (B) —y=3 (C) §+p8=4 D) a+fB+y=46

(ABC)

A(1,0,-1)

[_1s /

ax+fy =yzj= 8
A'(3, 2, ~1)

Find pointat  AA'=B(2,1,-1)
20+f—v=8...(1)
a+y=1 ...(2)
drs of AA' (2. 2,0)
a _B_Y_,

o 20+0=1 a=2, p=22,7y=0

1

2

Sa=1,p=1,y=0,6=3

Now (A)a+p+y=1+140=2=3
Bla+f+1+14+=2
(C)y+8=04+3=3
(D)d+y=—3-0=3

Let a and b be positive real numbers. Suppose ﬁ = ai— +bj and P_é = ai -bj are adjacent sides of

a parallelogram PQRS. Let U and v be the projection vectors of W=1i+j along PQ and F—’é,

respectively. If |u | + |V | = | w | and if the area of the parallelogram PQRS is 8, then which of the following
statements is/are TRUE?

(AJa+b=4

(Bla-b=2

(C) The length of the diagonal PR of the parallelogram PQRS is 4

(D) w is an angle bisector of the vectors WD and PS
(AC)






|k (-ab—ab)| = 8
ab=4

Given [X|+|V]|=w

S 6

Ja? +b? Ja? +B2

a=b

2a = J2va? +p?

2a2 = a4+ b? a<=b

a+b=4 2a = 2 Va? +b?
a-b:Odiagonal:Fé+Fé=2ai a?=p® = a=b=2

length =2a =4

12. For nonnegalive integers s and r. let

| |

s | 2 if r<s

iy s ri{s—r)!

N/ ] 0 if r>s

For positive integers m and n, let
m-n

f(m, n, p)
g(im. n) = b LB
p_ZD [n?pJ
p

where for any nonnegative integer p,

p s .
- S5
-0

Then which of the following statements is/are TRUE?

(A) glm. n) = gln, m) for all positive integers m. n

(B) glm,n+ 1) = g{m + 1, n) for all positive integers m, n
(C) g(2m, 2n) = 2 g{m, n) for all positive integers m, n
(D) (2m, 2n) = (g(m. n))* for all positive integers m, n

Ans. (ABD)
m_ n{+1)  (p+n)
Sox (m—1p2! (n+i-p)t  (p—1(n+1)!
m!__ (p+n) n!
(m—-1)12t pin!  (n+1-p)i{p-1)!
ml

: pn n
-z e Ce-



p
p+n m n
g Cp. E C,. Cp_‘
=0

PG DG GG e ne, NS v N e ae |

(1+x.(1+x]

m+n

gimn)=3y" ™ng, 2™

p-0
(A) g(2m, 2n) = 22m <2
2g(m. n) = 2.2™n
(B) g(m, n) = 27 =g (mH, n)
(C) g(2m, 2n) = 22m+20 = (2m0)2 = (g(m,n))2
(D) g{m.n) = g(n.m)

SECTION 3 (Maximum Marks : 24)
o This saction contains SIX (06) guestions. The answer 1o each quastion is a NUMERICAL VALUE.

o For each question. anter the correct numerical value of the answer using the mousa and the on-screen virtual numenc keypad in the
place designated to enter the answer. If the numerical value has more than two decimal places, truncate’round-off the value to TWO
decimal places.

¢ Answer to each guestion wil be evaluated ggcording 1o tha following marking schems -

Full Marks +4 If ONLY the correct numerical vaue is enlered.

Zaro Marks 0 In all ather cases.

13. An engineer is required to visit a factory for exactly four days during the first 15 days of every month and
it is mandatory that no two visits take place on consecutive days. Then the number of all possible ways

in which such visits to the factory can be made by the engineer during 1-15 June 2021 is

Ans. 495
Sol. 541Gy = 20, = 12.11.109 _ 495
4321
14. In a hotel, four rooms are available. Six persons are to be accommodated in these four rooms in such a

way that each of these rooms contains at least one person and at most two persons. Then the number

of all possible ways in which this can be done is



Ans. 1080

!
Sol. 651122 — 2 .4
(112121)(2121)

=180x24 _ 1080
16

15. Two fair dice, each with faces numbered 1, 2, 3.4, 5 and 6, are rolled together and the sum of the

numbers on the faces is observed. This process is repeated till the sum is either a prime number or a

perfect square. Suppose the sum turns out to be a perfect square before it turns out to be a prime
number. If is the probability that this perfect square is an odd number, then the value of 14p is

Ans. 8

Sol. Square > 40r9 > (1.3).(3,1) (2.2} . (6,3) (3.6), (5.4}, (4.5)
Prime > 2or3or50r7or 11

5 (1.1),(1,2), (2,1), (1.4). (4.1), (2.3) . (3.2). (1.6). (6.1). (5.2). (2.5). (3.4). (4.3). (6.5). (5.6)

P (square or prime) = %

. 4 144 141414 4
P|( Perfectsqureisodd | 35" 35°36  36°36°36°36
\perfectsquarebeforeprimeJ ]_+ 14 7 1414 7

S e TS

36 3636 363636

4

36

- 14
L 36

(" i
36 _

14
(1=

L 36
= 14P=8

il
~H s
il
]




16. Let the function f: [0, 1] — R be defined by
4%

4" +2

Then the value of

i +f(—2-)+f(—3—J+ ...... +f(—§9]—f[-1—)
\40)" La0) "l40 40) 12

is

f(x) =

Ans. 19

1-x
Sol.  f{x)=—X_. tf1-x)=—p— =
4x+2 47 +2 4% 4+2

= f(x) + {1 =x) = 1

ft-l\ . f[-z— | - 39‘1-f|" 5

40 40_) \40 _;" '-2/

prarih N e
:[fi\wff@hif!—g—l‘f[g—q Een "9) 1‘21 {20 ”

40, 140/ | \40) 40, L 40 \40 \40,
3\
= 1+ 1w +1 + 1] = | —t|%\. =19
19mmes
17. Let : R — R be a differentiable function such that its derivative [ is continuous and f(m) = —6.

i F:[0, n] —» R is defined by F(x) = Il(t)dt, and if I(f'(x)+F(x))cosxdx =2
0

then the value of f(0) is
Ans. 4

Sol. I= I(f'(x).cosx +f(x).cosx)dx =2
0
= J;f'(x).cosx.dx - If(x)cosxdx =2
0 0
= (cosxf(x)); - I(—sinx).t(x)dx +If(x).cosx.dx =2
0 0
= (cos nf(m)— oos)+jsinx.f‘(x)dx + If{x).cosxdx =2
0

= (~1).(-6) = 1(0)) + +(sinxf(x) — [cosxf(x)dx + jt(x) cosx.dx = 2

o‘-—nc

6 —1(0) + (sinz —f(p) — sin0.f{(0)) = 2
(0) =4

bl



18. Letthe function f : (0. w) — & be defined by f(8) = (siné + cos 6)° + (sind — cos g)* .

Suppose the function [ has a local minimum at © precisely when § € {Asm. ... . A}, where
0<Ay<---<Ar< 1. Then the value of 414 -+ Aris
Ans. 05

Sol.  f(8)=1+sin26+(1-sin26f
= sin® 20-sin26+2

(i ]
= | sin28—=1 +=
'.\.' 2]+4

minima when sin20 = -1 =sin3
2 6

9(10,7:)
r 5n
20=—,
66
T
12°12
% ,_1 y) ,_,i
112052 4

P |

sum =



