Class XII Chapter 11 - Three Dimensional Geometry Maths

If a line makes angles 90°, 135°, 45° with x, y and z-axes respectively, find its
direction cosines.

Answer
Let direction cosines of the line be |, m, and n.
I =c0s90°=0
m=cosl35°=———
V2
(&) l
n=cos45°=—

%

]
()‘—_—u’_‘ ﬂnd B
Therefore, the direction cosines of the line are V2 2

Find the direction cosines of a line which makes equal angles with the coordinate
axes. Answer

Let the direction cosines of the line make an angle a with each of the coordinate axes.
= cosa, m=cosda,n= cosa

Fam +n =1
= CoS @ +cos  a+cos a=1

= 3cos =1

=Cos a=

L) | w—

1
= cosa=t—

Vo

3]
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Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,

1 | 1
+ ==, and +—.
~ J {
are V2 W v

(o)

L")

If a line has the direction ratios —18, 12, —4, then what are its direction
cosines? Answer

If a line has direction ratios of —18, 12, and —4, then its direction cosines are

~18 12 el
Jcﬁ—lx'f F(12) 4 (<4 J(-18) +(12) +(=4)" J(=18) +(12) +(-4)’
18 12 4
92 " 90" 33
9 6 2
17117 11
i s |
E, ().,d]'ld—h

Thus, the direction cosines are I 11 I,

Show that the points (2, 3, 4), (-1, -2, 1), (5, 8, 7) are

collinear. Answer

The given pointsare A (2, 3,4),B(-1,-2,1),and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (x1, y1, z1) and (x2, y2,
z2), are given by, x2 — x1, y2 — yi1, and z2 — z3.

The direction ratios of AB are (-1 — 2), (-2 — 3),and (1 — 4) i.e., =3, =5, and —3.
The direction ratios of BCare (5 — (- 1)), (8 = (- 2)),and (7 — 1) i.e., 6, 10, and
6. It can be seen that the direction ratios of BC are —2 times that of AB i.e., they

are proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A,
B, and C are collinear.
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Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4),
(-1,1,2)and (-5, -5, -2)

Answer

The vertices of AABC are A (3,5, -4),B (-1, 1, 2), and C (-5, -5, —-2).

A (3,5.-4)

B C
(-1.1.2) 5 5.23)

The direction ratios of side AB are (-1 — 3), (1 — 5), and (2 — (—4)) i.e., —4, —4, and 6.

Then,y[(~4)" +(~4)" +(6)’ =16+16+36
=68
=217
Therefore, the direction cosines of AB are
-4 -4 6
VY + (=) +(6) (=4 +(=4) +(6)" (=) +(=4)" +(6)
-4 6

4
2177 2177217

-2 -2 3

N7 N7
The direction ratios of BC are (-5 — (-1)), (-5 -1), and (-2 — 2) i.e., —4, —6, and
—4. Therefore, the direction cosines of BC are

4 -6 —4

Y)Y (-6 +(4) () +(-6) +(4) (4) +(-6)' + ()

-4 -6 —

217 20177 23017
The direction ratios of CA are (-5 - 3), (-5 -5),and (-2 — (—4)) i.e., =8, —10, and
2. Therefore, the direction cosines of AC are
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-8 -5 2
J8) (10 +(2) (=8) +(10) +(2)° (-8)' +(10) +(2)’
-8 -10 2

242" 2J82° 22
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Show that the three lines with direction cosines

12 -3 -4 4123 3 —412
137137137 137137137 13713 "13 are mutually perpendicular.
Answer

Two lines with direction cosines, 11, m1, n1 and Iz, my, n2, are perpendicular to
each other, if Il + mim2 + nin =0
12 -3 -4 4 12 3

(i) For the lines with direction cosines, 13 13 13 and 13713713, we obtain

12 4 (-3} 12 (-4) 3
W +mm, +nn, = —x—+| — [ yx—

13713 \13)713 13/ 13
48 36 12

169 169 169

=0

Therefore, the lines are perpendicular.

4 12 3 3 412
(ii) For the lines with direction cosines, 13 13 13 and 13713 13, we obtain
4 3 12 (-4} 3 12
W +mm, +nn, =—x-—+—x| — |+-—x—
' ’ 13 13 13 L13 13 13
_12 48 36
169 169 169

=0
Therefore, the lines are perpendicular.
3 412 12 -3 -4

(iii) For the lines with direction cosines, 1313 13apq 13 13 13 , we obtain
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(3Y.(12).(-4) (=3} (12). [—4)
/|/3+m,m:+nln,=‘ = -xl £ J+ - v‘ % + = x‘ 5
\12) 12 12 ) <) 13 ) \ 1D )

36 1248

169 169 169

=0

Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the
line through the points (0, 3, 2) and (3, 5, 6).

Answer

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the

line joining the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a1, b1, c1, of ABare (3 -1), (4 - (-1)),and (-2 - 2) i.e., 2, 5,
and —4.

The direction ratios, a>, by, ¢, of CD are (3 — 0), (5 — 3), and (6 —-2) i.e., 3, 2, and
4. AB and CD will be perpendicular to each other, if aja> + bibo+ c1co =0

aiaz + bibp+cico =2 x3+5%x2+(—4) x4

=6+ 10 - 16

=0

Therefore, AB and CD are perpendicular to each other.

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through
the points (-1, -2, 1), (1, 2, 5).

Answer

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line
through the points, (-1, -2, 1) and (1, 2, 5).

The directions ratios, a1, by, c1, of ABare (2 —4), (3 —-7),and (4 — 8) i.e., =2, -4,
and —4.

The direction ratios, az, by, ¢z, of CD are (1 — (1)), (2 = (=2)),and (5 - 1) i.e., 2,
4, and 4.
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% B

AB will be parallel to CD, if ¢ & &

a =2

— T — —]

a, 2

h 4 i

b, 4

& _A_

c, 4
LA
& o oy

Thus, AB is parallel to CD.

Find the equation of the line which passes through the point (1, 2, 3) and is parallel to

I e
the vector=! 2/ =2k

Answer

It is given that the line passes through the point A (1, 2, 3). Therefore, the position

vector through A is a=i+2j+3k

b=3i+2j-2k

It is known that the line which passes through point A and parallel to b is given

by = a+Ab, where A is a constant.

= F=i+2j+3k+A(37 +2] -2k

This is the required equation of the line.

Find the equation of the line in vector and in Cartesian form that passes through the

point with position vector 2/ =/ +4k and is in the direction

i+2j—k  Answer

It is given that the line passes through the point with position vector
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G=2i—j+4k (1)

-(2)

b=i+2j—k

It is known that a line through a point with position vector d and parallel to [; is given by
the equation, 7 =d+Ab

— S 3:7-]"+4/\t+/.(:f+2]—/\7:)

This is the required equation of the line in vector form.

F=xi— ‘\f}' + 2k

= xi—yf+zk=(A+2)i +(2A-1)j+(-2+4)k

Eliminating A, we obtain the Cartesian form equation as

+1  z-4
I 2 -1

This is the required equation of the given line in Cartesian form.

x=2

Find the Cartesian equation of the line which passes through the point

(=2, 4, =5) and parallel to the line given

x+3 y-4 z+8
by 3 5 6 Answer

It is given that the line passes through the point (=2, 4, —5) and is parallel to

x+3 y-4 z+8
3 5 6

x+3 y-4 z+8

The direction ratios of the line, 3 5 6 ,are 3, 5, and 6.

_y-4 z+8

x+3
3 5 6 Therefore,

its direction ratios are 3k, 5k, and 6k, where k # 0

The required line is parallel to

It is known that the equation of the line through the point (x1, y1, z1) and with direction
X=X _Y=» _2zZ-z

ratios, a, b, ¢, is given by ¥ b ¢
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Therefore the equation of the required line is

x+2 y-4 z+5

3k Sk 6k

x+2 y—-4 z+35
) — = — :,\
3 5 6
x=3 y+é: 2—6
The Cartesian equation of a line is 3 7 2. Write its vector

form. Answer
The Cartesian equation of the line is

xX=3 _p+di s z—0

3 7 2 i)
The given line passes through the point (5, —4, 6). The position vector of this point is
d=5i—4]+6k

Also, the direction ratios of the given line are 3, 7, and 2.

This means that the line is in the direction of vector, b=3i+7j+2k

It is known that the line through position vector @ and in the direction of the vector b is

given by the equation, © = a+/ib,AeR

= F=(5i—4]+6k)+2(31+7]+2k)

This is the required equation of the given line in vector form.

Find the vector and the Cartesian equations of the lines that pass through the origin
and (5, -2, 3).
Answer

The required line passes through the origin. Therefore, its position vector is given by,

=0 (1)

The direction ratios of the line through origin and (5, -2, 3)
are(5-0)=5,(-2-0)=-2,(3-0)=3
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The line is parallel to the vector given by the equation, b=51-2j+3k

The equation of the line in vector form through a point with position vector d and parallel

to bis, F=d+Ab, A€ R
= F=0+A(51-2]+3k)
m::z(si—z,}ws/é)

The equation of the line through the point (x1, y1, z1) and direction ratios a, b, c is given
X=X

by, @ b ¢

Therefore, the equation of the required line in the Cartesian form is

x=0 =0 20

5 2 3

—

| =

I

T
A
W | N

Find the vector and the Cartesian equations of the line that passes through the points
(31 _21 _5)1 (31 _21 6)
Answer

Let the line passing through the points, P (3, =2, —5) and Q (3, -2, 6), be
PQ. Since PQ passes through P (3, —2, =5), its position vector is given by,

a=3i-2j-5k

The direction ratios of PQ are given by, (3
-3)=0,(-2+2)=0,(6+5) =11
The equation of the vector in the direction of PQ is

b=0i-0j+11k=11k

The equation of PQ in vector form is given by, F=a+2b, AeR

= =(3f—2_}'—5/£')+1 LAk

The equation of PQ in Cartesian form is
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:\"".Yl s y=N _ Z—=2,

a b ¢ e,

x=3 y+2 z+5

0 0 11

Question 10:

Find the angle between the following pairs of lines:

;=2f—5]‘+l£+)~(3f—2]+6l\t)and

(i)
}?=7f—6/€+;z(,’+2]+2/£)

iy "= 3Tk A (i j-2k)

F=2i- j-56k+u(3i -5 -4k)

and

Answer

(i) Let Q be the angle between the given lines.

The angle between the given pairs of lines is given by,

b -b

cos O ===
P

The given lines are parallel to the vectors, 1 =3/ +2/+6k ang

by=i+2j+2k respectively.
‘,;I‘: 3?+2?+6? —i7
o= (1) +(2) +(2)* =3

)
b -b, :(3f+2]‘+6l€)~(z’+2)+2/‘t)
X

=3x1+2x2+6%2
=3+4+12

=19
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=cosQ= r:§
7x3

= eoe1( 12
= () =cos [ZIJ

(ii) The given lines are parallel to the vectors, bn ;_.;_ k and
5: = 3;‘5.;‘4/$ , respectively.
JB[=y0) +(-1) +(-2) =6
=)' +(-5)" +(~4)' =50 =5
b -b, =(;f—}—zé}(zf—s_}—xtﬁ)
13-1(-5)-2(4)

&

by

5,

=345+
=16
b, -b,
cosQ = |- i
156
0080 16 16 16
V6542 2.43.5¢2 1043
8
= c0s=——
5\3
i 8 "'\'
1
= (=08 ‘—
o L5\3 |
Question 11:
Find the angle between the following pairs of lines:
x=2 y=1_z+3 x+2 y=4 z-=35
= — an = —
i 2 5 =3 -1 8 4
- ' — _- v_? "_.’
L edieZand B LBy
2: 2 | 8
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ii. Let b and b, be the vectors parallel to the pair of lines,
x=2 y=1 =z+3 x+2 y=-4 =z=5
=< — = and — =
2 5 =3 = 8 4 | respectively.
b =2i+5]-3k 4, q b, =—1+8j+4k

= J(=1) +(8)' +(4) =\B1=9

B|=y(2) +(5)' +(=3) =38

B,

b, -b, =(:2f+5‘7—3/;:)-(—f+8_]'+4/$;)

=2(-1)+5x8+(-3)-4
= 29 AD= 3

=26

The angle, Q, between the given pair of lines is given by the relation,

o
26
— COSQ = m

cosQ =

26
= Q:cos"(——]
\ 9438

(ii) Let b *be the vectors parallel to the given pair of lines,

& & -
Z=D

4 I 8 | respectively.

and
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b =2i+2j+k

b, =4i+ j +8k

<[] = (2 + (2 +(0) =B =3

=4+ 1248 =+81=9

b,

b -b, =(:2f+2_}-‘+A:)-(;4f+j'+815)

=2x4+2x1+1x8

=8+2+8
=18
b, b,
cos O ===
‘bl‘ b,
If Q is the angle between the given pair of lines, then -
18 2
=cosQ=——-==
3x9 3
= Q=cos’ [:J
o )
I=x_Ty-14 z-3
: L& Zpr B
Find the values of p so the line and
T=lx; y=5; 0=z
3p | 5 areat right angles.
Answer
The given equations can be written in the standard form as
x=L y=2 2z~3 x=1 _y=8 2z
3 2p 2 -3p 1 -5
7 and 7
2 5
= il Y
The direction ratios of the lines are —3, 7, 2 and 7 respectively.

Two lines with direction ratios, a1, b1, c1 and a», bz, ¢, are perpendicular to each
other, if aja + by bp + c1co =0
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Y = AR A YT
2(=3) '..\, = MT‘ (1)+2-(-5)=0
i ¢
2P 2P 1
7 7
=11lp=70
_10

=P
70

Thus, the value of p is I

x=5_y+2 z x_y_z
Show that the lines 7 =5 land | 2 3 are perpendicular to each
other. Answer
x=5 yp+d -z Xy z
The equations of the given lines are T % fand 1l 2 3

The direction ratios of the given lines are 7, =5, 1 and 1, 2, 3 respectively.

Two lines with direction ratios, a1, b1, c1 and ap, by, c2, are perpendicular to each

other, if aja + by bp + c1c2 =0
27X14+(-5)x2+1x3

=7-10+3
=0

Therefore, the given lines are perpendicular to each other.

Find the shortest distance between the lines
r:=(1? +-2]’ i A)l /’.(f - 74 /\t)and

f::2;—_;—%*’/1(2;*—}%—2,‘:)




Class XII Chapter 11 - Three Dimensional Geometry Maths

Answer

The equations of the given lines are
;:(>1:+2‘}'+1.:)+}.(f— /+A)

;:217—_}'—/(.+/1(2f+j+21\:)

It is known that the shortest distance between the lines, F=a+Ab, and r=a,+ ub, ,
is given by,

(B xb,)-(a: - a2)
d =|- — (I)

| ’b, x b, ’

Comparing the given equations, we obtain

i

=i+2]+k

i i k
b xb, =l -1 1
2 1 2

boxby =(-2-1)i —=(2-2) j+(1+2)k=-3i +3k

= |b, xb,

(-3) +(3)" =V9+9 =118 =32

Substituting all the values in equation (1), we obtain
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(—»r+3k) (:—'i;—'JkJ

d=
3\*
S _|B1+3(=2)
= {
32
-9
:d__:-’i
3.2
= d= 3 = . ="£

32

Therefore, the shortest distance between the two linesis 2 units.

Question 15:
x+1 _y+1 z+1
Find the shortest distance between the lines =~ ~— - ~ 1 and
xXx=3 p=5: z=17
+ A~ 1 Answer
x+l y+1 z+l p=3 =& =l
The given lines are 7 -6 I and ! -2 I

It is known that the shortest distance between the two lines,

X=X, y=y z-z X=X, Y=y, z-1z;
T h.l= | and 2 — = h.-= 2
a, | ¢ @ 2 2 is given by,

a, b, e

\/( bic, - by, ): ¥ ("IU: =G4, ) +(ab, —a,b, ):

Comparing the given equations, we obtain
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2. e, =
X, — X Ya—¥ -z |4 6 8
Then,| a, b, o =7 9 :
a, b, c, I -2 !
= 4(=6+2)—6(7—1)+8(~14+6)
=—-lb-36-64
=-116

— J(h,c: - by, )3 +( ¢y, =y, ); +(ab, —ash, ]” = \,'"[—6 + 2); +(1+ 7:): +(-14 +6):
=J16+36+064

=116

=229

Substituting all the values in equation (1), we obtain

116 -5 1)
J 116 58 2x29 7\/—2_‘5

“2J29 29 29 T
Since distance is always non-negative, the distance between the given lines

is 2\/2_6 units.

Question 16:
Find the shortest distance between the lines whose vector equations are

,3=(i+2j+3£)+,1(i~3_}'+2/€)
and;=4f+54}'+6l\:+/1(2f+3]'+k‘)
Answer

r :f+2_f+3£+i(‘f—3_f+2ﬁ;) r= 417+5_f+6r’3+,u(2f+3_}'+15]
The given lines are : “and ; '

F=a,+Ab r=a, + ub,

It is known that the shortest distance between the lines, ‘and ,

is given by,
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A a:); 0

‘b| Xb‘:
Comparing the given equations with = @ T 40 ang ¥ =d, + b, \ye optain
G, =i+2j+3k
bo=i-3]+2k
ar = 4i +5] + 6k
b, = ‘2:"+3,; +k

i ; k
b % b, =1 -3 2/=(=3-6)i=(1-4) j+(3+6)k ==9i +3]+ 9%
2 3 1

= b, zij‘: \/(—9)3 +(3) +(9) =/81+9+81=4171=319
(Byxb,)-(a2—ar)=(-97 +37+9k)-(3i +3] +3K)
=—O9x3+3IxI+9x3
=0
Substituting all the values in equation (1), we obtain
oA -
ENICINITY
3

Therefore, the shortest distance between the two given lines is V I8nits.

Question 17:
Find the shortest distance between the lines whose vector equations are
—t)i +(t-2) j+(3-2)kand

+1)i+(2s-1) j-(2s+1)k

r=(1
F=(s
Answer

The given lines are
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r=(1-1)i+(1=2)j+(3-20)k

+(1
= r=(i-2j+3k )+e(-i+j-24) (1)

r=(s+1)i +(2s-1) (25 +1)k

:>;:=[':7—_;'+£)+.'s'('."'.+2}—2ﬁ;h) (3)
It is known that the shortest distance between the lines, FEG+Ah and
is given by,

b xb, )- c—; —c—l.’.
PRl et )

Vﬂ x/):‘
For the given equations,
;h =!T—2j+3£
El =—i +'}— 2}‘:
c;: — f —_; —f:::
br=i42j-2k
a2 —a = {l —j—ﬁt.}—(‘f— 2; +3£) =.;'— 4k
i ; ;
hoxh,=-1 1 2| =(-2+4)i - (2+2) j+(-2-1)k =2/ -4] -3k
| 2 -2
- . I 4 4 . —— —_—

= b xby|=(2) +(—4) +(-3) =V4+16+9=+29
o (BxB,)(@r—en )= (20 —4j-3k)-(j-4k) = -4+12=38
Substituting all the values in equation (3), we obtain
|- S| B

J29| 29

8

Therefore, the shortest distance between the lines isV29 units.
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In each of the following cases, determine the direction cosines of the normal to the
plane and the distance from the origin.

(a)z = 2 (b) X+y+z=1
(C) 2.\'+3‘l’—‘:"55(d)5y + 8=

0 Answer

(@) The equation of the planeisz=2o0orOx + 0y +z =2 ...
(1) The direction ratios of normal are 0, 0, and 1.

Ao 07+ =1

Dividing both sides of equation (1) by 1, we obtain

0x+0.y+1z=2

This is of the form Ix + my + nz = d, where |, m, n are the direction cosines of normal
to the plane and d is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from
the origin is 2 units.

b)yx+y+z=1..(1)
The direction ratios of normal are 1, 1, and 1.

Ty () =45

=
Dividing both sides of equation (1) by V3 , we obtain

I [ | )

L)

(9]
oy

[y
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This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

1 ] |
—=, and—

V3 V3 and the distance of

Therefore, the direction cosines of the normal are V3
g

normal from the origin is \ﬁ units.

(c)2x+3y—z=5..(1)

The direction ratios of normal are 2, 3, and —1.
) +(3) +(-1) =14

Dividing both sides of equation (1) by \/1_4, we obtain

2 3 1 5
X+ y—

N TN VRGN VRN 7

This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines

of normal to the plane and d is the distance of normal from the origin.

o) ﬂ

and
Therefore, the direction cosines of the normal to the plane are V‘H \/_ \/_and

5
the distance of normal from the origin is V14 ynits.

(d)5y+8=0
>0x—-5y+0z=8..(1)

The direction ratios of normal are 0, -5, and 0.

\jl() +( 7—5)3 +0=5

Dividing both sides of equation (1) by 5, we obtain

1' =

LVl - )
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This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines

of normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the
8

distance of normal from the origin is 3 units.

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the

vector3;+5-;_6k . Answer

The normal vector is, " = 3 +5]-6k

s p e 3i+5j-6k  3i+5]-6k
Gy sy ey NTO

It is known that the equation of the plane with position vector Fis given by, r-n=d

(3F+57-6k )
| el TR ,/_ ‘ I: 7
\ V70 )

This is the vector equation of the required plane.

Find the Cartesian equation of the following planes:

F(f+j—£):2( Fo(20+3j -4k )=1

(@) b)

7l (_y—2[)]74-(3—’).;1*(2.8"0‘()/\’:]:|5
(0 *+ S
Answer

(a) It is given that equation of the plane is
Fe(i+j-k)=2 (1)
For any arbitrary point P (X, y, z) on the plane, position vector Fis given by,

F=xi+y—zk
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Substituting the value of » in equation (1), we obtain
(.\’f +yj - :/\)(1 + ] f/\) =2

>x+y-z=2

This is the Cartesian equation of the plane.

(b),t(2f+3j—4£)=1 (1)

For any arbitrary point P (X, y, z) on the plane, position vector Fis given by,
F=xi+y —zk

Substituting the value of Fin equation (1), we obtain
(.\‘f + yj 4+ :A)(Qz +3)- 4/\:)=I

= 2x+3y—4z=1

This is the Cartesian equation of the plane.

“ Fo(s=20)i + (3-1) j+ (25 +1)k | =15 (1)

For any arbitrary point P (X, y, z) on the plane, position vector Fis given by,
F=xi +_\j}'—:/\7

Substituting the value of r in equation (1), we obtain
(.\'i.+'\j1"—:k‘)-[(x—2/)1:+('3—l) /.'+(2.\'+I)l;}= 15

=(s—2t)x+(3-1)y+(2s+1)z=15

This is the Cartesian equation of the given plane.

In the following cases, find the coordinates of the foot of the perpendicular drawn
from the origin.

(a) 2.\-+3,v+4:~12:0(b) 3y+4z-6=0
(C) .\'+_\'+: = I (d) 5_\'+8:()
Answer

(a) Let the coordinates of the foot of perpendicular P from the origin to the plane
be (x1, y1, z1).
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2X+3y+4z-12=0
=>2x+ 3y+4z=12 .. (1)

The direction ratios of normal are 2, 3, and 4.

N2 +(3) +(4) =V29

Dividing both sides of equation (1) by V29 , we obtain
2 3

2 4
— X+ V4 =
V29© V297 V297 29

This equation is of the form Ix + my + nz = d, where I, m, n are the direction cosines

12

of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given
by (Id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

(2 12 3 12 4 12 ). (24 36 48)

—— R . oy — 1.€., § n .
\v29 V29 V29 V29 V29 V29 ) T 29749729 )

(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, Z1).
;}10.\"*’3.\""}'4: = 6 (1)

The direction ratios of the normal are 0, 3, and 4.
 rvE——

SAN0+3 +4° =5

Dividing both sides of equation (1) by 5, we obtain

-4 6

Ox +

y+—
i S

| L
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This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given
by (Id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

(36 46) ’0 18 24)

0

25

‘ 0, %.j. f.—; | i.C..
\ JEITD _\",I

558 \ 25)
(c) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(X1, Y1, 21)-
X+y+z=1__ (1)
The direction ratios of the normal are 1, 1, and 1.

faricm g~ I
SN+ 417 =43

Dividing both sides of equation (1) by \'G , we obtain
] ] ] ]

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given
by (Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are
’ 11 1 3 1 1 ’ o~
\ V”E : \J’} ; \AG ; \"'E ' \I"S : V'E J i

(11 1‘

\3 3 3)

(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be

(X1, Y1, Z1)-
$)0x8-=5y + 0z= 8 ... (1)

The direction ratios of the normal are 0, —5, and 0.
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JO+(=5) +0=5
Dividing both sides of equation (1) by 5, we obtain

"' =

| oo

This equation is of the form Ix + my + nz = d, where |, m, n are the direction cosines
of normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given
by (Id, md, nd).
Therefore, the coordinates of the foot of the perpendicular are
4 {/ 8 \ 3\ / 8 \
0,-1 =], 0|ie,|[0,-Z, 0/
\ .

\ v/ / ) /

Find the vector and Cartesian equation of the planes

(a) that passes through the point (1, 0, —2) and the normal to the plane is ’*/“/‘ .
(b) that passes through the point (1, 4, 6) and the normal vector to the plane is

I 2/«»/t )

Answer

(@) The position vector of point (1, 0, =2) is a=i-2k

N=i+)—k

The normal vector N perpendicular to the plane is

The vector equation of the plane is given by, (F-a) 0

:[,:_(;_zé‘;](;f,‘-_/;)_-u (1)
Fis the position vector of any point P (X, y, z) in the plane.
LE=xi+ 1/ + 2k

Therefore, equation (1) becomes
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[(.\-m_\',"“z-)-(;~:./:-')}(;+ -k)=0
:>[(.\'—l:)f+,\';'+(':+2)/\:J.(f+_}'—l\:l):()
=(x-1)+y-(2+2)=0

=>x+y—z-3=0

=>x+y—-z=3

This is the Cartesian equation of the required plane.
(b) The position vector of the point (1, 4, 6) is a=i+4j+6k

The normal vector N perpendicular to the plane is N=i-2j+k

The vector equation of the plane is given by, (F-a).N=0

=[F=(i+4]+6k) | (T-27+k)=0 (1)

I is the position vector of any point P (x, y, z) in the plane.
LFE=xi +,1yl'+ zk

Therefore, equation (1) becomes
|:(.\'l?+_l_‘;'+:/s:)—(l:+4_;+6/€)j|.(lr—2./"+k:):()

= l:(.\‘—l)f+(.1'—4v),;'+(:—6)kﬁ]-(f—2;+k~j) =
=(x-1)-2(y-4)+(z-6)=0

=>x—-2y+z+1=0

This is the Cartesian equation of the required plane.

Find the equations of the planes that passes through three points.

(a) (11 1/ _l)r (61 4/ _5)1 (_41 _21 3)

(b) (11 1! O)I (1I 21 1)1 (_21 21
—1) Answer

(a) The given pointsare A (1, 1, —1), B (6, 4, =5), and C (-4, -2, 3).
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6 4 -5/=(12-10)-(18-20)-(-12+16)
-4 -2 3

=2+2-4

=10

Since A, B, C are collinear points, there will be infinite humber of planes passing
through the given points.

(b) The given pointsare A(1,1,0),B (1,2, 1),and C (-2, 2, —-1).
1 I 0 |

| l |=(-2-2)-(2+2)=-8%0
-2 —|

o Mo

Therefore, a plane will pass through the points A, B, and C.

XisVisZi )a( X535 V0.2,
It is known that the equation of the plane through the points, ( 1 ’)' ( = ) and

This is the Cartesian equation of the required plane.

7y ) W o
Find the intercepts cut off by the plane “* ty-z=35

Answer

2x+y-z=5 (1)
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Dividing both sides of equation (1) by 5, we obtain

=1

w19
o)
A,
+ n }‘-‘,
W |
|
N

U
+
L8
|
[®

1o | =

X4 duZog
It is known that the equation of a plane in intercept form is ¢ b ¢ , where a, b,

c are the intercepts cut off by the plane at x, y, and z axes respectively.
Therefore, for the given equation,

a=—,b=5and c=-5

| W

|

,5,and -5
Thus, the intercepts cut off by the plane are 2

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX
plane. Answer

The equation of the plane ZOX
isy=0
Any plane parallel to it is of the form, y = a

Since3the y-intercept of the plane is 3,
sa=

Thus, the equation of the required planeisy = 3

Find the equation of the plane through the intersection of the planes

I=y+22-4=04,q ¥+r+2-2=04,4 the point (2, 2, 1)

Answer
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The equation of any plane through the intersection of the
planes, 3x —y+2z—-—4=0andx+y+z—-2=0,is

(Bx—y+2z—4)+a(x+y+:z-2)=0, where ¢ € R (1)
The plane passes through the point (2, 2, 1). Therefore, this point will satisfy equation
(1).

S(3%x2-242x1-4)+a(2+2+1-2)=0
0

= 2+3a =
2
===
3
2
r = e
Substituting 3in equation (1), we obtain

25,
(3x—y+2z-4)-—(x+y+2z-2)=0
2

=3(3x-y+2z-4)-2(x+y+z-2)=0
=(9x=3y+6z-12)-2(x+y+z-2)=0
= Tx=5y+4z-8=0

This is the required equation of the plane.

Find the vector equation of the plane passing through the intersection of the planes
Fo(2f+2]-3k)=7, F.(20+5]+3k)=9

; ‘ / and through the point (2, 1, 3)
Answer

Fo(27 +2j-3k)=Tand 7 (27 +5]+3k) =9
The equations of the planes are :

3;-’-(2f+2_}‘—3/€)—7:0 (1)

f~(_2f+5.}'+3/$1}—9=0 (2

The equation of any plane through the intersection of the planes given in equations
(1) and (2) is given by,

[7.(27 +2f -3k —7]+2[F.'2i+5}'+3/€'—9}=n '
\» ( : , ( : ) , Whered € R
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,-.-,[(3,-‘+3.}_3A7)+,z('zi+5j+3/€)}:92+7

(¥5)

)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,

Fo[(2+22)i +(2+54) j+(34-3)k |=92+7 Y

F=2i+2j+3k

Substituting in equation (3), we obtain

(27 +7-3k) [ (2+24) +(2+52) j +(32-3)k |=92+7
=(2+24)+(2+54)+(34-3)=94+7

=184-3=94+7

=94=10

, 10
> A=—

9
10
Substituting 9 in equation (3), we obtain
_(38. 68~ 3:)
[——I +—j+—k J =17
9 9 9

:>f-'-(38i+68j+3/€): 153

This is the vector equation of the required plane.

Find the equation of the plane through the line of intersection of the planes

) )4+ 2 = 2x ) 2 = . . .
Xty+z=1,.4 2x+3y+42=5 ih i perpendicular to the plane

X—y+z=0
Answer

The equation of the plane through the intersection of the planes,
x+y+z=1_.42x+3y+4z= 5, is

(x+y+z-1)+A(2x+3y+4:--5)=0

= (224 1)x+(3A+1)y+(42+1)z—(54+1)=0 (1)

The direction ratios, a1, b1, c1, of this plane are (2A + 1), (3A + 1), and (4A +

1). The plane in equation (1) is perpendicular to X=y+z=0
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Its direction ratios, ap, by, c3, are 1, —1, and 1.
Since the planes are perpendicular,

aa, +bb, +ee, =0
=(24+1)=(34+1)+(44+1)=0

=34+1=0

== 1=-
1
A= -
Substituting 3in equation (1), we obtain
1 1 2
xX—-—z+—=0
3 3 3

=>x—z+2=0

This is the required equation of the plane.

Find the angle between the planes whose vector equations are

Fo(2i +2]-3k)=5 g (3 -3]+5k)=3

an
Answer
The equations of the given planes are

It is known that if ™ and nlare normal to the planes, Fir gy =

the angle between them, Q, is given by,

(1)

- Ny

cosQ =

|)5l |

n,
gt Soal TR, e K
n=2+2 and n, i -+

Here, TR =R

sy =(20 +2)-3)(37 - 3] +5£) = 2.3+ 2.(-3) +(-3).5=-15

3 —

i =y(2) +(2) +(-3) =17
i =3) +(=3) +(5) =43

w2
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i+, |A,|and|,
I

Substituting the value of in equation (1), we obtain

=15 |
CcOS e ——
0= v
0 15
—=» COS =
731

In the following cases, determine whether the given planes are parallel or
perpendicular, and in case they are neither, find the angles between them.

(a) Tx+5y+6z+30=0and 3x—y—-10z+4=0
(b) 2x+y+3z-2=0and x-2y+35=0

() 2x=2y+4z+5=0and 3x-3y+6z-1=0

(d) 2x—y+3z—-1=0and 2x—y+3z+3=0
(@) 4x+8y+z—-8=0and y+z-4=0
Answer

L:ax+by+cz=0

The direction ratios of normal to the plane, , are ai, by, c1 and

L,:ax+b,y+c,z=0are a,, b,, c,

sady b e
L|L,if X=2=5
' a, by ¢

L 1L,if aa,+bb,+cc,=0

The angle between L1 and Ly is given by,

! a,a, +bb, +cc,
QO = cos = =

\{ al +b} +cf a3+ b +c;

(@) The equations of the planes are 7x + 5y + 6z + 30 = 0
and3x -y —-10z+4=0

Here, a1 =7,b1 =5,c1 =6
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a,=3,b,=-1c,=-10

aa, +bb, +ce, =Tx3+5x(-1)+6x(—-10)=-44 =0

Therefore, the given planes are not perpendicular.

a T b 5 : o 6 -3
—— T — — T — ) —— T — . —
. et | ~
a, 3by =l ¢ =10 §
a b ¢
— ;t - ;ﬁ‘ -
a, b, ¢

It can be seen that, *
Therefore, the given planes are not parallel.

The angle between them is given by,

Tx345x(=1)+6x(~10)

Q:CUS_] - ; e ] |' ol " A 2
\,'(7)' +(5) +(6) \,'(?)‘ +(=1) +(-10)
o1 21560
=CO0O8
JI10 <110
_cng"]4_4
11
:cins;"E
5

(b) The equations of the planes are 2X+V+3z=2=0gng x-2y+5=0

=2 — ] — =2 c. =
Here, @ =2, b=Lc¢=3,q &=L b,=-2,c,=0

saay +bb, +ee, =2x1+1x(-2)+3x0=0

Thus, the given planes are perpendicular to each other.
2x-2y+4z+5=0 Ix=3y+62z-1=0

(c) The equations of the given planes are and

=2,b-2,¢ =4

d

Here, ! and

a,=3,b,==3,¢c,=6 aa, +bb, +¢c, =2><3+[‘—3.)(—3'}-s-4><6 =6+6+24=36=0

Thus, the given planes are not perpendicular to each other.
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a _b _q

S by 6

Thus, the given planes are parallel to each other.

2%—yp+3z—1= 2x—y+3z+3=
(d) The equations of the planes are =¥ ~¥ 32120554 2¥=y+32+3=0
Here, @ =2, b==lc, =3 and @ =2,b,==1,¢,=3
g Bl oy o 8
ui:ﬁzﬂ — ¢ 3
a b ¢

Thus, the given lines are parallel to each other.

() The equations of the given planes are ¥ 8y +2-8=0,,

y+z—-4=0 a,=4.b,=8.c',=la a,=0,b,=1¢,=1

Here, nd
aa, +bb, +cc, =4x0+8x1+1=9=0

Therefore, the given lines are not perpendicular to each other.

a 4 b,_fi_g C,_I_]
a, 00bh 1 7o
B B8

a B o

Therefore, the given lines are not parallel to each other.

The angle between the planes is given by,

| I
O = cos =CO0S |- | = COS ‘f—

\/4: +8 +1° x \/0: +1P 40 19xN2] \V2 )

4x0+8x1+1x1 09 (1 ’
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In the following cases, find the distance of each of the given points from
the corresponding given plane.

Point Plane

(a) (0, 0, 0) X —4y+12z=3

(b) (3, =2, 1) 2X—y+2z+3=0

(c) (2, 3, =5) X¥+2y—2z=9

(d) (-6, 0, 0)

2x=3y+62-2=0 5 \vor

It is known that the distance between a point, p(x1, y1, z1), and a plane, Ax + By + Cz =

D, is given by,

Ax, + By, +Cz, — D’
VA + B+ ‘

d= (1)

(a) The given point is (0, 0, 0) and the plane is X ~4y+12z=3

|3><0—4><()+12><()—3_ 3
VG +(-4 27| Vie9

| w

N

(o)

(b) The given point is (3, — 2, 1) and the plane is 2x=y+2z+3=0

2x3-(-2)+2x1+3| |13

 peprer > S B

13

d =|

-~

R Wy T,
(c) The given point is (2, 3, —=5) and the plane is * 14} 2z=9

2+2x3—2(—5)—9‘ 9

Sede=
Joy <@y +(=2y| 3

~
=J

(d) The given point is (—6, 0, 0) and the plane is 2x=3y+6z-2=0
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-6)-3x0+6x0-2| |-14| 14

1206
¢ —
\f “+(=3) +(6) | V491 7
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Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the
line determined by the points (3, 5, —1), (4, 3, —1).

Answer

Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).

Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).

The direction ratios of OAare 2, 1,and 1 andof BCare (4 — 3) =1, (3 -5) = -2,
and (-1+1)=0

OA is perpendicular to BC, if ajaz + biby + c1c2 =0
sajaz+biboy+cic=2x1+1(-2)+1x0=2-2=0

Thus, OA is perpendicular to BC.

If I, m1, n1 and I2, m3, ny are the direction cosines of two mutually perpendicular
lines, show that the direction cosines of the line perpendicular to both of these are
min2 — m2ni, nilp — n2ly, l1m2 — Iomy.

Answer

It is given that I, m1, n1 and I3, m2, ny are the direction cosines of two
mutually perpendicular lines. Therefore,

L +mm, +nn, =0 (1)
Fam +n =1 (2)
I +m;+n =1 -(3)

Let I, m, n be the direction cosines of the line which is perpendicular to the line
with direction cosines |1, m1, n1 and I3, m>, no.
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S+ mmy g = 0
I, +mm,+nn, =0
/ m n

mn, —mn, nml,—nd Lm,—Lm,

b 2 2

/& B m B n
(mpmy—mm ) (ndy=md) (hmy—Lm,)’

I,

=

I B m B n
(mny—mn)  (ndy=ml)  (hmy—Lm,)

P +m+n

=

>

- (m,n, —m,n, ): +(mdy =) +(lm, —Lm, ):

I,_.m, n are the direction cosines of the line.
A +mi+n®=1.. (5

It is known that,

(/,3 +m +n )(/ +mi +ni ) =(41, + mm, +nn, ):

=(mn, —m.n, ) +(nl,

From (1), (2).and(3), we obtain

f(m,n_. — Iy, )? +(nt, - n_,l,): +(lmy = 1,m, ) =1

—m,l, ): +(4m, —1L,m,)

(4)

ey

.(6)

Substituting the values from equations (5) and (6) in equation (4), we obtain

v} i ) ¢l

i m- _ n
(ilmz =[m, )'1

=I=mn -mn.m=nl,-nl,n= !lm? —1,m,

- =1
(m,n1 =M, ) (1?21: —n_,_[[)

4

Thus, the direction cosines of the required line are”

i, =iy, il =l andfm, = Lm,.
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Find the angle between the lines whose direction ratios area, b, cand b —
c,c—a,a-—b.
Answer
The angle Q between the lines with direction cosines, a, b, cand b — ¢, ¢ —
a, a — b, is given by,
alb-c)+b(c—a)+c(a-h) ‘

> > > [ 2 2 2

a +b +c +4(b—c) +(c—a) +(a-b) ‘

cosQ =

= cosQ =0
= =cos 0
— 0 =90°

Thus, the angle between the lines is 90°.

Find the equation of a line parallel to x-axis and passing through the
origin. Answer

The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where
aeR.

Direction ratios of OAare(a—-0)=4a, 0,0
The equation of OA is given by,
=0 p=0: z=0

a 0 - 0

Thus, the equation of line parallel to x-axis and passing through origin is
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If the coordinates of the points A, B, C, D be (1, 2, 3), (4, 5, 7), (-4, 3, —6) and (2,
9, 2) respectively, then find the angle between the lines AB and CD.
Answer
The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (-4, 3, —6),
and (2, 9, 2) respectively.
The direction ratios of ABare (4 —1)=3,(56-2)=3,and (7 -3) =4
The direction ratios of CD are (2 —(—4)) =6,(9 - 3) =6, and (2 —(-6)) =8
a b ¢

It can be seen that, = 2 @

1
2

Therefore, AB is parallel to CD.
Thus, the angle between AB and CD is either 0° or 180°.

x=1_ y-2 z-3 x=1_y-1_2z-6
If the lines —3 2 B 2 and 3k T =5 are perpendicular, find the
value of k.
Answer
x=1 y=2 z-3 x=1 y=1 =z-6
The direction of ratios of the lines, ~3 - 2k - 2 and 3k - I - ~5 , are =3,

2k, 2 and 3k, 1, =5 respectively.
It is known that two lines with direction ratios, a1, b1, ¢c1 and a», by, ¢y,
are perpendicular, if ajaz + bib2 + c1c2 =0
3(3k)+2kx1+2(-5)=0
= -9k +2k-10=0
= Tk=-10
=10
7

=k
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10
k=——
Therefore, for 7 , the given lines are perpendicular to each other.

Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the

pbneln(i+-2j-5k)+w):()

Answer

= _finGaak
The position vector of the point (1, 2, 3) is R=i+2j+3k

f(f+2j-sk)+9:o

The direction ratios of the normal to the plane, ,arel, 2, and -5

and the normal vector is ¥ =1 +2/ =5k

The equation of a line passing through a point and perpendicular to the given plane is

given by, | =7 +AN, A€R

=1 =(i+2]+3k)+A(7 +2]-5k)

Find the equation of the plane passing through (a, b, ¢) and parallel to the plane

Feoli+]+k)=2

Answer

Any plane parallel to the plane, , is of the form

Fo(i+j k)= (1)

The plane passes through the point (a, b, c¢). Therefore, the position vector F of this

point is I =4 +bj +ck

Therefore,
equation (1) becomes
(tlf*b;'—-('/;)-(ff;+l:') =4

S a+b+c=4
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Substituting 4 =@ +b+¢in equation (1), we obtain
r'-(f+_}'+/€)=a+hﬂ: ~(2)
This is the vector equation of the required plane.
Substituting ! = ¥+ + 2K iy equation (2), we obtain
(.\'f+,\_‘}'+:lE)-(f+}+l€)=a+b+c
=D x+y+z=a+b+c
F=6i+2]+2k+A(i -2 +2k)
Find the shortest distance between lines »
F =4l —k+u(3i -2 - 2k)
and . Answer
The given lines are
F=6f +2j+2k+A(i -2 +2k) (D)
f=—4f—1£+y(3i—2j—2/2’) -(2)
It is known that the shortest distance between two lines, EE Gy EEdY Ab3 ,
is given by
(b xb,)-(a,~a,)
d=|- —— (3)
1B, xb,
Comparing F=a,+Ab and 7 =a, + b, to equations (1) and (2), we obtain

g, =6i+2]+2k

= d,—d, = (41 —;é)—(af 3 b 212) ~107 =2 -3k
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i ik
l 3 2 |=(4+4)i—(-2-6)j+(-2+6)k =8i +8 + 4k

)
J e

=bxb =

2| Box b= (8 +(8) +(4) =12

(5% b,)-(a —a)=(87 +8] + 4k)-(~10i ~2j - 3k ) =-80-16-12=-108

Substituting all the values in equation (1), we obtain

—108
12

4

d= =9

Therefore, the shortest distance between the two given lines is 9 units.

Find the coordinates of the point where the line through (5, 1, 6)

and (3, 4, 1) crosses the YZ-plane

Answer

It is known that the equation of the line passing through the points, (x1, y1, z1) and (x2,

(8]
1

X=X, ¥=N

% YVi=W Z—3

y2, 22),is "2
The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

x=3 y=1_z=6
3-5 4-1 1-6
x=5 y-1 z-6 .
— R0 el B =k (say)
=2 3 =5

=x=5-2k, y=3k+1,z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —=5k).
The equation of YZ-plane isx = 0

Since the line passes through YZ-

plane, 5 — 2k =0

= k=

SRRV
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5
=3k +1=3x- +l=I7

2 2

S = ~
O

2 2

-13
[5,.25)

Therefore, the required point is 2 2 )

Find the coordinates of the point where the line through (5, 1, 6)

and (3, 4, 1) crosses the ZX — plane.

Answer

It is known that the equation of the line passing through the points, (x1, y1, z1) and (x2,

y2,22),is M2 TN e T ST

The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Since the line passes through ZX-plane,

3k+1=0
u
= k=——
3
::5—3&:5-3[—1]=¥T
. 3) 3
i A 2
a—ﬁk:ﬁ—ﬁ‘—1‘=:§
L 3) 3
17 23
o0 ]
3 ]

Therefore, the required point is " 3
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Find the coordinates of the point where the line through (3, —4, =5) and (2, — 3,
1) crosses the plane 2x +y + z = 7).

Answer
It is known that the equation of the line through the points, (x1, y1, z1) and (x2, Y2, z2), is

Xy—=X% Yi=W Z—%

Since the line passes through the points, (3, —4, —5) and (2, —3, 1), its equation
is given by,

x-3 y+4 z+5
2-3 -3+4 145
3 z+5
-2 )=‘r’4—"‘:k(say)
-1 1 6
=>x=3-k, y=k-4,z=06k-5

Therefore, any point on the line is of the form (3 — k, k — 4, 6k —

5). This point lies on the plane, 2x + y +z =7
223 -k +(k—4)+ (6k—5) =7

=5k-3=7
= k=2

Hence, the coordinates of the required pointare (3 - 2,2 —-4,6 x 2 —5)
i.e., (1, =2, 7).

Find the equation of the plane passing through the point (=1, 3, 2) and perpendicular
to each of the planes x + 2y + 3z =5and 3x + 3y + z = 0.

Answer

The equation of the plane passing through the point (-1, 3, 2)
isa(x+1)+b(y—-3)+c(z-2)=0..(1)

where, a, b, ¢ are the direction ratios of normal to the plane.
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ax+by+cz+d =0 a.x+hy+c,z+d, =0

It is known that two planes, and , are

perpendicular, if 4% *hb: ¢ =0

Plane (1) is perpendicular to the plane, x + 2y + 3z =5
sa-l+b-24¢-3=0

=a+2b+3c=0 +(2)

Also, plane (1) is perpendicular to the plane, 3x + 3y +z =0
Sa-34b-3+¢-1=0

=3a+3b+c=0 .(3)

From equations (2) and (3), we obtain

a B b : C
2x1-3x3 3x3-1Ixl 1x3-2x3
b
L D€ (say)
=7 8 =3

= a=-Tk, h;Sk. c=-3k

Substituting the values of a, b, and c in equation (1), we obtain
~Tk(x+1)+8k(y=3)-3k(z-2)=0
=(-7x-7)+(8y-24)-32+6=0

= -Tx+8y-3z-25=0

= Tx-8y+3z+4+25=0

This is the required equation of the plane.

If the points (1, 1, p) and (-3, 0, 1) be equidistant from the plane
F-(3f+4]—l2/\7)+l3:0
, then find the value of p.

Answer

The position vector through the point (1, 1, p) is 2 s pk

Similarly, the position vector through the point (=3, 0, 1) is

a, =—4i+k
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_ _ _ F¢(3i+4}'—l2/\7)+13:()
The equation of the given plane is :

It is known that the perpendicular distance between a point whose position vector is
\@-N-d

p="_
¥

F-N=d. is given by,

@ and the plane,
Here, N=3i ‘4}-'2/( and d= —-13
Therefore, the distance between the point (1, 1, p) and the given plane is

’(;+_;+/)/\:)-(31?+4_;'—|2/-?i)+l3’

D = A EE—
3 +4—12k
B+4-12p+13
= D, = -
V3 +4 +(-12)
20-12p
:>D1=| 13 J (l)

Similarly, the distance between the point (=3, 0, 1) and the given plane is

(=37 + &) (37 + 47 -126) 13

D, A E
|3i+4j—12k‘
-9-12+13
=D, =— n
\/33+43+(—12)'
- -(2)

AT

2

It is given that the distance between the required plane and the points, (1, 1, p)
and (-3, 0, 1), is equal.
~D1=Dy

3]20-12;)]: 8
13 13
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=20-12p=8or —(20-12p)=8

=12p=12o0r 12p =28

= p=lor p=—
! i 3

Find the equation of the plane passing through the line of intersection of the planes

Folf+j+k)=1_ F(20+3j-k)+4=0

and and parallel to x-axis.

Answer

The given planes are

Fo(fejek)=1
=F-(i+j+k)-1=0
f(2f+3j—é)+4=o
The equation of any plane passing through the line of intersection of these planes is

[I:'(i.+j+/\7‘)—l]+/’.[/:~(.21:+3]—/\7)+4] =0
Fo[(2A+1)i +(32+1) j+(1-2)k | +(44+1)=0 (1)

Its direction ratios are (2A + 1), (3A + 1), and (1 — A).

The required plane is parallel to x-axis. Therefore, its normal is perpendicular to x-
axis. The direction ratios of x-axis are 1, 0, and 0.

1.(2A+1)+0(34+1)+0(1-2)=0

=>24+1=0
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Therefore, its Cartesian equationisy — 3z + 6 =0
This is the equation of the required plane.

If O be the origin and the coordinates of P be (1, 2, —3), then find the equation of
the plane passing through P and perpendicular to OP.

Answer

The coordinates of the points, O and P, are (0, 0, 0) and (1, 2, —3) respectively.
Therefore, the direction ratiosof OPare (1 - 0)=1,(2-0)=2,and (-3 -0)=-31t

is known that the equation of the plane passing through the point (x1, y1 z1) is

-x )+b(y-y)+ =0
U( ¥ \') )( ") (( ') where, a, b, and c are the direction ratios of
normal. Here, the direction ratios of normal are 1, 2, and —3 and the point P is (1,
2, —3). Thus, the equation of the required plane is

I(x—1)+2(y-2)-3(z+3)=0

=>x+2y-3z-14=0

Find the equation of the plane which contains the line of intersection of the planes

F‘(f+2_}‘+3/\7)—4:0 F-(2f+_}'—/;)+5::() o )
/ , and which is perpendicular to the plane

Fe(5i+3]-6k)+8=0

Answer

The equations of the given planes are
z‘i(f+2}'43/:")'4:() si(h)

Fo(2i+j-k)+5=0 (2)

The equation of the plane passing through the line intersection of the plane given
in equation (1) and equation (2) is

[r‘-(_i+2j+3/$)—4]+/1[ (°,+/—k)+5}:n

Fo[(2A+1)i +(2+2) j+(3-A)k | +(52-4)=0 -(3)
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The plane in equation (3) is perpendicular to the plane,
5. 5(24 +I')+3(/i+2)—6(3—/i)= 0
=194A-7=0
.
=D A=—
19
E
A=—
Substituting 19 in equation (3), we obtain

3 46u 5O x|t
=F- ‘f—’i+4? 2 A} -—“-()
19

() I()'/ ll)
= F-(331 +45]+50k)-41=0

— )

This is the vector equation of the required plane.

The Cartesian equation of this plane can be obtained by

F=Xi+ 3+ 2K 0 equation (3).

+45]+50k)-41=0

(.\'i Sk zk ) - (331

= 33x+45y+50z-41=0

Fe(5i+3]-6k)+8=0

(4)

substituting

Find the distance of the point (=1, =5, —10) from the point of intersection of the line

F=20—j+2k+A(30 +4]+2k) o the planef.(f-]ué‘)

Answer

The equation of the given line is
Fo=20 - J+2k+A(31+4]+2k (1)
The equation of the given plane is

Fi-j+k)=s -(2)

=5

Substituting the value of F from equation (1) in equation (2), we obtain
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[2/’—,}'+2/€+z(3f+4_}+2£)]~(i-j+/€)=5

=[(32+2)i +(42-1)j+(22+2)k |-(i-j+k)=5

= (324+2)-(44-1)+(24+2)=5

=>A=0

Substituting this value in equation (1), we obtain the equation of the line as
F=2i-j+2k

This means that the position vector of the point of intersection of the line and the plane

. grmafoadacg
is T=2 |+ 2k

This shows that the point of intersection of the given line and plane is given by
the coordinates, (2, —1, 2). The pointis (-1, =5, —10).
The distance d between the points, (2, —1, 2) and (-1, =5, —10), is

d= \/(--l.--z)" +(=5+1)" +(-10-2) =\9+16+144 =169 =13

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes

. :(;_';_‘,3,(:.): 5 ,—‘.(:3f+j+gt:]: 6

and

Answer

Let the required line be parallel to vector b given by,
b=bi+b,j+bk

The position vector of the point (1, 2, 3)is ¢~/ T 2j+3k

The equation of line passing through (1, 2, 3) and parallel to b is given by,
F=d+Ab
= F(i+2j4 3k )+ A(bi +b,]+ bik) (1)

The equations of the given planes are
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Fo(i—J+2k)=5 «(2)

Fe(3i+ jrk)=6 x(3)

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal

to the plane of equation (2) and the given line are perpendicular.
= (i~ j+2k) (b +b,j+bk)=0

= A(b,=b,+25,)=0

=>h—b,+2b,=0 -(4)

Similarly, (37 + j + &) 2(hi + b, +bk)=0

= A(3b, +b,+5b,)=0

=3b +h,+b, =0 w{5)

From equations (4) and (5), we obtain

b, B b, B b,
(-1)x1-1x2 2x3-Ix1 1x1-3(-I)
b b b
-3 5 4

Therefore, the direction ratios of 5are -3, 5, and 4.
ob=bi+b,j+bk=-3+5]+4k
Substituting the value of b in equation (1), we obtain
F=(i+2]+3k)+A(=30 +5] +4k)

This is the equation of the required line.

Find the vector equation of the line passing through the point (1, 2, — 4) and

x-8 y+19 =z-10 x=15 y=-29 =z-5
== = and ==z =—
perpendicular to the two 3 -16 7 3 8 =
lines: Answer
Let the required line be parallel to the vector b given by, bi=br+bj+bk
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The position vector of the point (1, 2, — 4) is a=i+2j-4k

The equation of the line passing through (1, 2, —4) and parallel to vector? is

F=d+ibh
= 7 (i +2]-4k)+ 2(bi +b,j+bk) (i)
The equations of the lines are
x=8 »+19 z2-10 (7)
3 -16 7 Y
x-15 »-29 =z-5 y
3 B =5 {)
Line (1) and line (2) are perpendicular to each other.
. 3b,—16b, +7b, =0 ..(4)
Also, line (1) and line (3) are perpendicular to each other.
2. 3b, +8b,—~5b, =0 -(3)
From equations (4) and (5), we obtain
hl =, h.‘ o h_‘\
(-16)(-5)-8x7 7x3-3(-5) 3x8-3(-16)
b b, b
—_ — = —— = —
24 36 72
b

1

b, . b,
-Directioh rafios of ? are 2, 3, and 6.

.'.5:2f+3_}'+6/;

Substituting b=2i+3j+6k in equation (1), we obtain
r :(f+2.}‘—4l;.)+2(2f+3_;‘+6A:)

This is the equation of the required line.
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Prove that if a plane has the intercepts a, b, c and is at a distance of P units from the

2 b_ kY |
origin, then & : P

Answer

The equation of a plane having intercepts a, b, c with x, y, and z axes respectively
is given by,

X ? 2

Te2ZsZog sl

a b ¢

The distance (p) of the plane from the origin is given by,

0 0 0
+—+ =]
p= ] b _c ‘
L)+
\a,) \b C
=>:p = I
] ’ 1 ; 1
Na* » &
e !
I . ; 1
a b
~ 1 _ 1 ‘ 11 '. 11

o I S, 4+ > - 1"
Distance between the two planes: 2x+3y+4z= 4and 4x+6y+8z= I"is

(A)2 units (B)4 units (C)8 units
)

units

2]

(D) v
Answer

The equations of the planes are

2x+3y+4z=4 (1)
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dx+6y+8z=12
=>2x+3y+4z= -(2)

It can be seen that the given planes are parallel.
It is known that the distance between two parallel planes, ax + by + ¢z = d; and ax + by

+ cz = dp, is given by,

d,—d
Na +b +¢
= D= — 6—{ ,
V(2) +(3) +(4)
)
D=—
V29

“

Thus, the distance between the lines is V29 units.

Hence, the correct answer is D.

The planes: 2x —y + 4z = 5 and 5x — 2.5y + 10z = 6 are
(A) Perpendicular (B) Parallel (C) intersect y-axis

[.5 5
0,0,>
4

\

/

(C) passes
through Answer

The equations of the planes
are2x —y+4z=5..(1)

5x — 2.5y + 10z =6 ...
(2) It can be seen that,
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Class XII
a 2
a, 5
b =1 2
b, -25 5
€ 4 2
b ¢

Therefore, the given planes are parallel.
Hence, the correct answer is B.
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