Class XII Chapter 6 - Application of Derivatives Maths

Find the rate of change of the area of a circle with respect to its radius r when
@r=3cm((b)r=4

cm Answer

The area of a circle (A) with radius (r) is given by,

A=nr’

Now, the rate of change of the area with respect to its radius is given by,

i = ~d'(bm': ) =2mr
dr dr :

1. Whenr =3 cm,
42 o3
dr ’

Hence, the area of the circle is changing at the rate of 6n cm2/s when its radius is 3
cm. 2. Whenr =4 cm,
1A
= 2n(4)=8n
dr

Hence, the area of the circle is changing at the rate of 8n cmz/s when its radius is 4 cm.

The volume of a cube is increasing at the rate of 8 cm3/s. How fast is the surface
area increasing when the length of an edge is 12 cm?

Answer

Let x be the length of a side, V be the volume, and s be the surface area of the

cube. Then, V = x3 and S = 6x2 where x is a function of time t.
iV )
o 8cm’/s

It is given that ¢/

Then, by using the chain rule, we have:




Class XII Chapter 6 - Application of Derivatives Maths

8= dv _ d (\ )= ‘I,(_v-‘).,‘i\':g\- dx
dt dt dx dlt dlt
=
dx 8
= 1
dr 3x (1)
Now, a3 1(6,\': ) = i(()v)ﬂ [By chain rule]
drdt dx dt
; ' 32
:|2\-'£: IF)A'.[ 8~J:_
dt 3x° X
das 32 8 5
=>~cm’/s==cm’/s
Thus, when x = 12 cm, dr 12 3

Hence, if the length of the edge of the cube is 12 cm, then the surface area is increasing
8

at the rate of 3 cmz/s.

The radius of a circle is increasing uniformly at the rate of 3 cm/s. Find the rate at
which the area of the circle is increasing when the radius is 10 cm.

Answer
The area of a circle (A) with radius (r) is given by,
A=mr

Now, the rate of change of area (A) with respect to time (t) is given by,

{.“, 1 1 > l' , .
[ I8 (—(m" ) e L [By chain rulc]
dr dt dt dt
It is given that,
Ll 3 cm/s

dt
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dA
-=2nr(3)=6mr
dt ( )

Thus, whenr = 10 cm,

14 : e 5

== 6m(10)=60m cm™/s

dt

Hence, the rate at which the area of the circle is increasing when the radius is 10 cm

is 60 cm?/s.

An edge of a variable cube is increasing at the rate of 3 cm/s. How fast is the volume
of the cube increasing when the edge is 10 cm long?
Answer
Let x be the length of a side and V be the volume of the cube. Then,
Vv =’x3'
dv =%

=JX

, dx
oot At (By chain rule)

It is given that,

d—\ =3 cm/fs
dt
dV 5 et
=3x7(3)=9x"
dt (3)

Thus, when x = 10 cm,

4 9(10) =900 em® /s
dt
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Hence, the volume of the cube is increasing at the rate of 900 cm3/s when the edge is
10 cm long.

A stone is dropped into a quiet lake and waves move in circles at the speed of 5 cm/s.
At the instant when the radius of the circular wave is 8 cm, how fast is the enclosed
area increasing?

Answer

The area of a circle (A) with radius (r) is given by 4 = e

Therefore, the rate of change of area (A) with respect to time (t) is given by,

dA d; d 5y dr dr
___=—-(m' )=— e )—=2mr—
dr dt odr? di dr [By chain rule]
dar _
=5cm/s

It is given that df

Thus, when r = 8 cm,

Hence, when the radius of the circular wave is 8 cm, the enclosed area is increasing
at the rate of 80n cmz/s.

The radius of a circle is increasing at the rate of 0.7 cm/s. What is the rate of increase
of its circumference?

Answer

The circumference of a circle (C) with radius (r) is given by

C = 2nr.

Therefore, the rate of change of circumference (C) with respect to time (t) is given by,

dC _dc dr

dt dr dt (By chain rule)
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d dr

=—(2nr) —

dr dt
=2n B
dt

f’l')'

—=0.7 cm/s
It is given that dl

. A =1 /
Hence, the rate of increase of the circumference 13 _n(0.7) L4m cm/s.

The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y
is increasing at the rate of 4 cm/minute. When x = 8 cm and y = 6 cm, find the
rates of change of (a) the perimeter, and (b) the area of the rectangle.

Answer

Since the length (x) is decreasing at the rate of 5 cm/minute and the width (y)

is increasing at the rate of 4 cm/minute, we have:

< i\—. = -5 cm/min D _ 4 em/min

dt and dr

(@) The perimeter (P) of a rectangle is given by,

P=2(x+Yy)

.dP_ _[(dx dv) _

So—=2| —+— [=2(-5+4)=-2 cm/min
dt \dt dt)

Hence, the perimeter is decreasing at the rate of 2 cm/min.

(b) The area (A) of a rectangle is given by,

A=xXxvVv
dA  dx dy 5
=— . p+x-—==5y+4x
o et Ar 7 At 2
dA

—= (—5><()+ 4><8) cm’/min =2 cm’ /min
When x = 8 cm and y = 6 cm,d!

Hence, the area of the rectangle is increasing at the rate of 2 cmz/min.
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A balloon, which always remains spherical on inflation, is being inflated by pumping in
900 cubic centimetres of gas per second. Find the rate at which the radius of the
balloon increases when the radius is 15 cm.

Answer

The volume of a sphere (V) with radius (r) is given by,
4,
V==mr

~Rate of change of volume (V) with respect to time (t) is given by,

dVv 3 dV dr

7 T odr dt

[By chain rule]

Y 900cm®is
It is given that df

+.900 = 4nr? . &L

dr 900 225

dt  4m’ wr

Therefore, when radius = 15 cm,

dr 225 |

dr n(15)
Hence, the rate at which the radius of the balloon increases when the radius is 15 cm

— cm/s.
ism
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A balloon, which always remains spherical has a variable radius. Find the rate at
which its volume is increasing with the radius when the later is 10 cm.

Answer

4_,
V=—mr
The volume of a sphere (V) with radius (r) is given by 3

Rate of change of volume (V) with respect to its radius (r) is given by,

dv  d (4 ]

4 5 5
—=—|—-mw :—n(3r ) = dmr
dr dr\3 3¢

Therefore, when radius = 10 cm,

V V) :
W _ 4x(10)’ =400z

dr

Hence, the volume of the balloon is increasing at the rate of 400n cm3/s.

A ladder 5 m long is leaning against a wall. The bottom of the ladder is pulled along
the ground, away from the wall, at the rate of 2 cm/s. How fast is its height on the
wall decreasing when the foot of the ladder is 4 m away from the wall?

Answer

Let y m be the height of the wall at which the ladder touches. Also, let the foot of
the ladder be x maway from the wall.

Then, by Pythagoras theorem, we have: x?
+ y2 = 25 [Length of the ladder = 5 m]

= V= V’r25 — .\':—

Then, the rate of change of height (y) with respect to time (t) is given by,
dy -X dx

—=—

dt J25-x° dt

— =2 cm/s
It is given that 4/
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L dy  =2x

ot v25-x°

Now, when x = 4 m, we have:
dv  -2x4 8

dt J25-4° 3

— cm/s
Hence, the height of the ladder on the wall is decreasing at the rate of 3

6y=x"+2

A particle moves along the curve . Find the points on the curve at which the

y-coordinate is changing 8 times as fast as the x-coordinate.
Answer

The equation of the curve is given as:
6y=x"+2

The rate of change of the position of the particle with respect to time (t) is given by,

ar. 3x* pik 0
dt dt
— zﬁ — \‘2 ﬂ
dt dt

When the y-coordinate of the particle changes 8 times as fast as the

‘!’ dy dx

e QED
x-coordinate i.e.,\ d! dt ) we have:

,"/ g dx ) - dx
\ dt dt

dv  ,dx
=16—=x"-
dr dt
= (x*-16 &
dt

=x’=16
= x=14
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+2 6
.\:4‘.1'=4+ =6 =11
When 6 6
-4) +2 62 31
.\=—4,J=( ) = =‘J~
When 6 3
( =31
| 4.— |
Hence, the points required on the curve are (4, 11) and \ 3 )

1

The radius of an air bubble is increasing at the rate of 2 cm/s. At what rate is
the volume of the bubble increasing when the radius is 1 cm?
Answer
The air bubble is in the shape of a sphere.
Now, the volume of an air bubble (V) with radius (r) is given by,
4

V==nr
3

The rate of change of volume (V) with respect to time (t) is given by,
dvV 4 d ‘;) dr

A I

=—n—I|7 [By chain rule]
de 3 dr
/3 A dl'

=—n(3/
]

3 dt
= 4qp° ﬂ
dt
dr 1
It is given that df 2
Therefore, whenr =1 cm,
dv (1)
5

Hence, the rate at which the volume of the bubble increases is 2n cm3/s.
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3(.‘Zu #1).

(%)

A balloon, which always remains spherical, has a variable diameter Find
the rate of change of its volume with respect to x.

Answer

The volume of a sphere (V) with radius (r) is given by,

V= :3 o

It is given that:

= é(?_x +1)
Diameter 2

3 :
— r==[2x+1
r=2(2x+1)

4 (3Y a9
SV =l — | (12x+]1) =—n(2x+1]
4,.|{ } =g )

3 'a-_
Hence, the rate of change of volume with respect to x is as
dr 9 d

9 .27 :
= 2x+1) = 3(2x+1) x2=""qn(2x+1)".
15 =g sl) x2=trw(Zne)

Sand is pouring from a pipe at the rate of 12 cm3/s. The falling sand forms a cone on the

ground in such a way that the height of the cone is always one-sixth of the radius of the

base. How fast is the height of the sand cone increasing when the height is 4 cm?
Answer
The volume of a cone (V) with radius (r) and height (h) is given by,

V = -l~ wh

It is given that,

i :lr = r==06h
6

V= én{ﬁh]? h=12nh’
3 ¢
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The rate of change of volume with respect to time (t) is given by,

V1w (). 2
dt dh "odt [By chain rule]
=12n;('zur1')dj
-t
= 36nh’ ﬁ
dt

dV

—=12cm’/s
It is also given that @/

Therefore, when h = 4 cm, we have:

ok, % . 1

T — I ——— i —
dr 36m(16) 48n

Hence, when the height of the sand cone is 4 cm, its height is increasing at the rate

cm/s
of 481

The total cost C (x) in Rupees associated with the production of x units of an item
is given by

C(x)=0.007x" - 0.003x* +15x + 4000

Find the marginal cost when 17 units are

produced. Answer
Marginal cost is the rate of chanae of total cost with respect to output.
1C ) :
=22 =0.007(3x7) - 0.003(2x) +15
~Marginal cost (MC) dx

=0.021x° - 0.006x +15
When x = 17, MC = 0.021 (17%) — 0.006 (17) + 15
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= 0.021(289) — 0.006(17) + 15
6.069 — 0.102 + 15
20.967

Hence, when 17 units are produced, the marginal cost is Rs. 20.967.

The total revenue in Rupees received from the sale of x units of a product is given by

R(x)=13x"+26x+15

Find the marginal revenue when x =
7. Answer

Marginal revenue is the rate of change of total revenue with respect to the nhumber
of units sold.

_dR
~Marginal Revenue (MR) T = 13(2x) + 26 = 26x + 26

When x = 7,
MR = 26(7) + 26 = 182 + 26 = 208

Hence, the required marginal revenue is Rs 208.

The rate of change of the area of a circle with respect to its radiusratr = 6 cm is
(A) 10n (B) 12n (C) 8n (D)

11n Answer

The area of a circle (A) with radius (r) is given by,

A=nr’

Therefore, the rate of change of the area with respect to its radius r is

dd d

-= (m': ) =2nr

dr dr
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~Whenr= 6 cm,

dA

dr

=2nx6=12wrcm/s

Hence, the required rate of change of the area of a circle is 12n
cmz/s. The correct answer is B.

The total revenue in Rupees received from the sale of x units of a product is given by

R(x)=3x +36"‘_5. The marginal revenue, when ¥ =15is

(A) 116 (B) 96 (C) 90 (D)
126 Answer

Marginal revenue is the rate of change of total revenue with respect to the number

of units sold.
3 dR
~Marginal Revenue (MR) v = 3(2x) + 36 = 6x + 36

~Whenx = 15,

MR = 6(15) + 36 =90 + 36 = 126
Hence, the required marginal revenue is Rs 126.

The correct answer is D.
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Show that the function given by f(x) = 3x + 17 is strictly increasing on
R. Answer

Let™ M4 e any two numbers in R.

Then, we have:

X, <x, =3x, <3x, =23x,+17<3x%,+17= f(x) < f(x,)

Hence, f is strictly increasing on R.

Alternate method:
f'(x) = 3 > 0, in every interval of R.

Thus, the function is strictly increasing on R.

Show that the function given by f(x) = e2X is strictly increasing on
R. Answer
Let™ 404X be any two numbers in R.

Then, we have:
X ox, = 2xrcdn et et = () < fx;)

Hence, f is strictly increasing on R.

Show that the function given by f(x) = sin x is

' ()
1 0,— =T
N T2 . Lo 2
(@) strictly increasing in “/(b) strictly decreasing in *~“
(c) neither increasing nor decreasing in (0, n)
Answer

The given function is f(x) = sin x.

s (x)=cosx
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{ n'
.\‘F| O.;j,cos x >0, f'(x)>0
(a) Since foreach \ </ we have”’ V' :
( \
10,5 |
. ) . ) 3 2
Hence, f is strictly increasing in® <.
T )
X €| 5, LCOoS x <0 .,(‘,)((0
(b) Since for each 2 ) , we have”’ .

l/n 3\
(3+)
Hence, f is strictly decreasing in\ < .

(c) From the results obtained in (a) and (b), it is clear that f is neither increasing
nor decreasing in (0, n).

Find the intervals in which the function f given by f(x) = 2x% - 3x is

(@) strictly increasing (b) strictly
decreasing Answer

The given function is f(x) = 2x2 - 3X.

f'(x)=4x-3
3
f'(x)=0 =>x==
(x) :
3 ' 3) (3
= ‘ —an, = Z @ |
Now, the point4divides the real line into two disjoint intervals i.e., * 4*’and A& )

As
Y

& |w 4

4 \

In interval \ /

S (x)=4x-3<0.

B w

Hence, the given function (f) is strictly decreasing in interval *

(3 %
—.IJ._/ (x)=4x-3>0.

In interval\ 4
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\

y
| o0

|

-

=

Hence, the given function (f) is strictly increasing in interval \

/J

Find the intervals in which the function f given by f(x) = 2x3 = 3x% - 36x + 7 is

(a) strictly increasing (b) strictly
decreasing Answer

The given function is f(x) = 2x3 - 3x2 — 36x + 7.

}f'{t) =) 36);\';3_6 ; ()sg,\" —x—6)=6(x+2)(x-3)

The points x = —2 and x = 3 divide the real line into three disjoint intervals i.e.,

(—0,-2),(-2,3), and (3,).

As
| A8

I
T

}
t
= 3

—o0.=2) 3 (3 0) F'(x
In intervals( ©,~2) and (3' f‘)’-’ (")is positive while in interval
(=2, 3), / ("‘)is negative.
Hence, the given function (f) is strictly increasing in intervals

(— ) —2 < 3 0
(=, ) and ("'f), while function (f) is strictly decreasing in interval

(-2, 3).

Find the intervals in which the following functions are strictly increasing or decreasing:
(@) x* + 2x — 5 (b) 10 — 6x — 2x°
(c)—2x3—9x2—12x+1(d)6—9x—x
(@ (x + 1)° (x - 3)°

2
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Answer
(a) We have,

f(x)=x*+2x-5
s f(x)=2x+2
Now,

f’("'):”»x _

(—0,—1) and (-1,%).

Point x = —1 divides the real line into two disjoint intervals i.e.,
—0,— "(x)=2x+2<0.
In interval( ©, ])/ (‘) X : <0
(—'x:.—l).

~fis strictly decreasing in interval

Thus, f is strictly decreasing for x < —1.
(-1,o), f'(x)=2x+2>0.

(—1,00).

In interval

-~ fis strictly increasing in interval

Thus, f is strictly increasing for x > —1.
(b) We have,

f(x) = 10 — 6x — 2x°

= f’(.\‘)-- ~6—4x

Now,

FHX)=0=x= —%
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~
]

X
The point 2 divides the real line into two disjoint intervals

( 3 - T
L—"f.),—— | and (——f .
) 2

ie., v =

3

N 3
—o0,— ] B

=—=fhH - - [)‘
In interval( 2/ i.e., when 2 ;f (x)=-6-4x<(

~ fis strictly increasing for 2
( ) :
— P X>=-— '
. ) . x)=—6-4x <0,
In interval® = i.e., when 2 ;f ( )
3
. . . x> ——
~ fis strictly decreasing for 2

(c) We have,

f(x) = —2x° — 9x% — 12x + 1

o f(x)=—6x" —18x—12 =—6(x" +3x+2) =—6(x +1)(x+2)
Now,

f'(x)=0 =>x=-landx=-2

Points x = —1 and x = —2 divide the real line into three disjoint intervals

i.e.'(—dz,—Q),(—Z,—l_), and (-1,2).

In intervalst % —2) and (=1,)

S'(x)==6(x+1)(x+2)<0 .

i.e., whenx < -2 and x > -1,
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-~ fis strictly decreasing forx < —2 and x> —1.

Now, in interval (-2, —1) i.e.. when =2 < x < —1, f'(x)= _6(-"“)("'*2))0,

~ fis strictly increasing for ~2 L% g=l

(d) We have,
f(x)=6-9x-x

~f(x)=-9-2x
Now, /"

: X 9
(x)=0givesx=——
_

X
The point 2 divides the real line into two disjoint intervals i.e.,

/~x-.—2W and (—21‘
Iy At

& \> E

()]
—0, —— BG=— N G Henf
In interval( 2 i.e., for 2 f(x) et ).
9
X< —=
~ fis strictly increasing for 2.
{9 N
— =P X2 == (. = 0_2v<()
In intervalL E J i.e., for 2 ,‘/ (x) NN
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9
X>—=
~ fis strictly decreasing for 2,

(e) We have,
f(x) = (x + 1)° (x - 3)°
£1(x)=3(x+1) (x=3) +3(x=3)" (x+1)°

»

=3(x+1)" (x=3) [x=3+x+1]

The points x = —1, x = 1, and x = 3 divide the real line into four disjoint intervals

3,%)

i.e.,(_jc‘_l), (-1, 1), (1, 3), and(3®)

in intervals\ ™V and (-1, 1). f(x)=6(x+1) (x-3) (x-1)<0

—o0,—1
~ fis strictly decreasing in intervals( )and (-1, 1).

(3.%-), f(x)=6(x+1) (‘.\'—3)?(.\'—1)>0.

(3.0)

In intervals (1, 3) and

~ fis strictly increasing in intervals (1, 3) and
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y=log(l+x)-—"—,x>~I
Show that 2+x , iIs an increasing function of x throughout its

domain.
Answer
We have,

2x
v=log(l+x)- e

&t X

=x" =0 [('-_’-F,\'):t'ﬂasx:»—l]
=x=0

Since x > —1, point x = 0 divides the domain (=1, o) in two disjoint intervals i.e., —1
<x<0andx > 0.

When —1 < x < 0, we have:
x<0=>x'>0

x>-12(2+x)>0=>(2+x) >0

-

: ‘r'=_.'—\.-__>0

(2+ x)’
Also, when x > 0:

x>0=>x*>0, (2+x)° >0
Ly = 50

_(‘2+.\')'

Hence, function f is increasing throughout this domain.
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. y=[x(x-2)] . .
Find the values of x for which is an increasing function.

Answer

We have,

y= [x[x - Z}J = [.r: — Ex::

Yy = 2(x - 2x)(2x-2) = 4x(x-2) (x-1)
dx ' & '

W mOx=2x=1.
dx

The points x = 0, x = 1, and x = 2 divide the real line into four disjoint intervals i.e.,

(=,0), (0,1) (L2),and (2,).

d)‘
(=0,0) and (1,2) —-<0

In intervals , dx
(—2,0) and (1,2)

-~y is strictly decreasing in intervals

d)‘

> 0.
However, in intervals (0, 1) and (2, oog, dx
~yis strictly increasing in intervals (0, 1) and (2, o).

-y is strictly increasing for 0 < x < 1 and x > 2.

p=——” __g

4sin 0 i
(2+cosd)

oS

. 0
Prove that is an increasing function of 6 inL
Answer

We have,
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4sin &
y=——-—-@
(2+cos )

i

dy (2+cos@)(4cosd)—4sind(-sin ) O

2

¥

K (2+cosd)

= 8cos@ +4cos” @ +4sin’ @ -1
(2+cos @)’

_ BcostI+4

_m_

dy

Now,—=1(.
dy

8cost+4
g DOUORBTEY g
(2+cosd)

= 8cosf+4=4+cos’ @+4cosd

1

=cos’ @—4cosf =0
= cost(cos#—4)=0
= cosf/=0o0r cosf =4

Since cos 6 # 4, cos 6 = 0.

cosf=0=0=

oA

Now,

dy 8cos6?+4—(4+cosz (9+4cos(}) _4cosf—cos’ O cosO(4-cos0)
dx (2 +cos8)’ (2 +cosO)’

(2+cos @)’
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( \
0, J
In interval «/),we havecos 6 > 0. Also, 4 >cos 8 =4 —cos 8 >0.

SHE

o

S.cos@(4-cos@) >0 and also (2+cos@) >0
cos@(4-cosf)
—

(24 cosh ):

>

1 5
= L 4 > ()
dx
( \
0.7)
Therefore, y is strictly increasing in interval “/,
x=0and x=—.

ol a

Also, the given function is continuous at

[ =
x
Hence, vy is increasing in interval- “<-.

Prove that the logarithmic function is strictly increasing on (0,
). Answer

The given function is f (x) = log x.

S f(x) =~

X
. 1 =
f(x)==>0.
It is clear that for x > 0, X

Hence, f(x) = log x is strictly increasing in interval (0, o).

Prove that the function f given by f(x) = x2 — X + 1 is neither strictly increasing
nor strictly decreasing on (-1, 1).

Answer
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The given function is f(x) = x2 - X+ 1.
S (x)=2x-1

Now, f'(x)=0=x=

b | —

1

The point 2 divides the interval (-1, 1) into two disjoint intervals

[ | ]
L—l. = and = 1.
i.e “ =

b

'/

(-1,
Now, in interval *

\

J'(x)=2x-1<0.

I
2)
( 1
(+3)
Therefore, f is strictly decreasing in interval* “a.
fl. 4 =
IJ._/'(_.\') =2x-1>0.

L o e
However, in IntervalL ~

(1
e
Therefore, f is strictly increasing in interval \ < .

Hence, f is neither strictly increasing nor decreasing in interval (-1, 1).

/ \
| (_),%J
Which of the following functions are strictly decreasing ont </ ?

(A) cos x (B) cos 2x (C) cos 3x (D) tan x

Answer
(A) Let i (X) =cosx.
s f(x)=—sinx

oA

(() ]./."( x)=-sinx<0.
In interval /

(o,

is strictly decreasing in intervaIL‘ 2

| 2
. —

S (x)=cosx
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(B) Let/2 (¥)=cos2x.

= fa(x)==-2sin2x

T i "
Now, -:;:c<7:>0 <ly<en=sin2x>0=-2s5mn2x <0

-

- fi(x)=-2sin2v<0 on[ 0,2
s fi(x)=-2sin2x<0 0”[0’2,

S fr(x)=cos2

(0' _]
» is strictly decreasing in interval* <7/,

© Let/ 3 (x)=cos3x.

= fi(x)=-3sin3x
Now, f;(x)=0.

A

T
2

= sindx=0=>3x=masxe|0,

o

T (0 It’]
X = T
The point 3 divides the interval\  2/into two disjoint intervals

((_), E] and (E%]
i.e., 0 3 32

7
i

|
Now. in interval | 0,—

(PSR

].f; (x)= —35(0 f]' |:(7.S‘ O<x< g =0<3x< ni|.
\ k
~ f3is strictly decreasiﬁg in interval * 3

: non : n n 3n
However, ininterval | —, — |. £;(x)==3sin3x>0 |as —<x<-=n<3x<—|
327 3 2 2
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3\

/

(n

\3’

SN

~ f3is strictly increasing in interval
( A
| 0,

Hence, f3 is neither increasing nor decreasing in interval *

oA
N

(D) Let fi(x)=tanx.

s fi(x)=sec’ x
(. w) &z 3 :
| 0, ;J._/;(.\'):scc’ x>0.

In intervalt <
~ f4is strictly increasing in interval

oA
.

-

/
| 0,

Therefore, functions cos x and cos 2x are strictly decreasing in'

oA
.

Hence, the correct answers are A and B.

On which of the following intervals is the function f given by

J X .
X)=x"+smnx-1
J (‘) L strictly decreasing?

3\

L8
—, 7
2

{
0, 1
@ (&1 @ |
( \
0, L"-J
k )
(@) “/(D) None of
these Answer
We have,
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S(x)=x""+sinx-1
=S (x)=100x" +cos x

In interva|(0, 1), cosx>0and 100x™ > 0.

s (x) >0
Thus, function f is strictly increasing in interval (0, 1).

Bp

e J cos x <0 and 100 x” >0. Also, 100 x™ >cos x

In interval ( =

A f(x)>0 in[g.n ]

ra

o=

)

Thus, function f is strictly increasing in interval[-

\

. n P
In interval (0, :J.cos x>0 and 100x”™ = 0.
\ =

2 100x™ +cosx =0

\

J

= f'(x)>0on [O.
’ ((_). 5
=~ fis strictly increasing in interval*

o

oA
o o

Hence, function f is strictly decreasing in none of the intervals.

The correct answer is D.

) . . (x)=x*+ax+1,
Find the least value of a such that the function f given J ( ‘) & is

strictly increasing on (1, 2).
Answer
We have,
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f(x)=x"+ax+1
S S(x)=2x+a

>0,

Now, function f will be increasing in (1, 2), ifj (x) in (1, 2).

F#PxH=8>0

= 2X > —a

Therefore, we have to find the least value of a such that

-
x>, whenx e(1, 2).

—

-
=>X>— (whenl<x<?2)

Thus, the least value of a for f to be increasing on (1, 2) is given by,

—_=]
5
-
—=l=g=-2

2

Hence, the required value of a is —2.
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Let I be any interval disjoint from (=1, 1). Prove that the function f given by
3 1
f(x)=x+—

A is strictly increasing on I.
Answer

We have,

f(x)=x+ L)

X
. 1
. =
Now,
]
S(x)=0=>—==1=x=1%]
: 52
The points x = 1 and x = —1 divide the real line in three disjoint intervals i.e.,
(—'f.:.—l).(—]. I"). and (I. @)

In interval (-1, 1), it is observed that:
~l<x<l
= x <l

= 1< 1, ,x=0
X

= l=——<0, x=0

=

A

L f(x)=1-—=<0on (-1,
(x) ( (-1 1)~{o}

=~ fis strictly d‘ecreasing on

(—20,—1) and (1, =)

In intervals , it is observed that:
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x<=lorl<x

= x =1
== 1> l\

X

|
=1- =)

=

e

, 1 .
~f(x)=1==>00n (=¢; ** 5270 "
- fis strictly ificreasing on(_t‘ L yand (1, T)

Hence, function f is strictly increasing in interval I disjoint from (-1,
1). Hence, the given result is proved.

(0.2)

5
Prove that the function f given by f(x) = log sin x is strictly increasing on* ““and
strictly decreasing

ft

2"}

on / Answer

We have,

/(x)=logsinx

s f(x)= _1 cosx =cotx
" sinx
,| 0, g |f1{(\) =cotx > 0.

F)

In interval®
§

o=

)

0,
~ fis strictly increasing inl
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] n]. J'(x)=cotx<0.

In intervaI( 2

n
-
~fis strictly decreasing in ( 2 }

L

18
0, -]
Prove that the function f given by f(x) = log cos X is strictly decreasing on L and

(n }
—,

. . . 2
strictly increasing

on Answer

We have,
f(x)=logcosx

,f'(-"}= (—sin x)=-tanx
: cos x :
P -
10, =, tanx>0=—tanx<0.
In interval® </

3
~f'(x)<0on {0, %J ;

4

0 5]
~fis strictly decreasing onL 2),

(7
- n). tanx <0 = —tanx > 0.

. )
In interval\ <

s f'(x)=>0o0n (g nJ

P4
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{1 3\
| ';- T |
~fis strictly increasing ont < /.

f(x)=x"=3x"+3x-100

Prove that the function given by * is increasing in

R. Answer

We have,

f(x)=x"-3x" +3x-100
S'(x)=3x" —6x+3
=3(x* —2x+1)

=3(x-1)
For any xeR, (x — 1)2 > 0.

Thus, Y (\) is always positive in R.

Hence, the given function (f) is increasing in R.

) = ‘: ',- 5 . - - -
The interval in which ' =% € s increasing is

(~0.0)

2 o0
(A) (B) (=2, 0) (O (2 )(D) (0,

2) Answer
We have,

y=xe"
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i =2xe™* -x’e”* =xe™*(2~-x)
dx

Now, fﬁ;— =0.
dx
= x=0andx=2
The points x = 0 and x = 2 divide the real line into three disjoint intervals

i.e.,(_f‘ 0), (0, 2),and (2, «).

is always positive.

In intervals (= ())and(2 ®), f'(x)<0ase™
)

(-, 0)and (2, =).

~fis decreasing on

In interval (O, 2),/ (x)>0.
~ fis strictly increasing on (0, 2).

Hence, f is strictly increasing in interval (0, 2).

The correct answer is D.
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Find the slope of the tangent to the curve y = 3x4 —4xatx =
4. Answer

The given curve isy = 3x4 — 4x.
Then, the slope of the tangent to the given curve at x = 4 is given by,

ﬁ] =12 —4]_ =12(4) —4=12(64) -4 =764
dx | .. o

x-1
-‘.=
Find the slope of the tangent to the curve x—2 , X ¥ 2atx =
10. Answer
x-1
y=
The given curve is™ X—2,
cdy _(x=2)(1)-(x-1)(1)
dx (.\'—2)"
_x=2=x+1 =

o (x-2) (x-2)

Thus, the slope of the tangent at x = 10 is given by,

ﬂl -l e |
delon (x-2) | - (10-2) 64
Ky

Hence, the slope of the tangent at x = 10 is 64

Find the slope of the tangent to curve y = x> — x + 1 at the point whose x-coordinate

is 2.

Answer
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The given curve isV = =3+,
iy 3

P 3x" -1
dx

The slope of the tangent to a curve at (xq, Yo)

4
is dx s

[ ', It is given that xg = 2.

Hence, the slope of the tangent at the point where the x-coordinate is 2 is given by,

dy > 2
Sae =3x" -1 =3(2) -1=12-1=11
d_\‘j‘r? ]"3 ( )

Find the slope of the tangent to the curve y = x3

x-coordinate is 3.

Answer
. . = s -2
The given curve is ¥ =% —3¥+2
dy 3
S—=—=3x"-3
dx

The slope of the tangent to a curve at (xg, Yo) isd'\.

— 3x + 2 at the point whose

Hence, the slope of the tangent at the point where the x-coordinate is 3 is given by,

ﬂ} =3x-3] =3(3)'-3=27-3=24
dx | ., e

Find the slope of the normal to the curve x = acos36, y = asin36

n
==
at 4 . Answer

It is given that x = acos36 andy = asin39.
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j—; =3acos’ @(-sind)=—3acos’ Isind

i 3asin’ @(cosd)
de

Falp
~dy |\ de) 3asin®@cosd _ sin#

S ——=——t= —— = =—tan
dx [ cir) —3acos’ @sinf  cosd
dé
g==
Therefore, the slope of the tangent at 4is given by,

Ay n
P =—tanf], . =—tan==-1
dx |, = 76 -

| O
6 =— is given by,
Hence, the slope of the normal at

1 :_—l=]
-1

n
slope of the tangent at £ =

Question 6:

a=
Find the slope of the normal to the curve x =1 -asinB,y=b cosze at
. Answer

SR

Itisgiventhatx =1 -asinBandy=>b cosze.

& —acosO and L 2bcosO(—sin0)=—-2bsinOcos 0
¢ 4

(i)
dv \dB) -2bsinBcosB 2b .,
S = =—sinH

" dx [ dx —acos0 a
do J

\

a =
Therefore, the slope of the tangent at

[N |

is given by,
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m} 2b . } 2b . m _2b
= =—sInb =—SIn—=—
dx |,.= a FUC I | 2 a

) =— is given by,

oA

Hence, the slope of the normal at

] I

‘f 26 26

\a )

: n
slope of the tangent at £ = y

Find points at which the tangent to the curvey = x> — 3x2 — 9x + 7 is parallel to the
X-axis.
Answer

The equation of the given curve is¥ =X —3¥" =9x+7.

v
e

Now, the tangent is parallel to the x-axis if the slope of the tangent is zero.

=3x" -6x-9

23 —6x-9=0=>x"-2x-3=0

= (x-3)(x+1)=0

=>x=3orx=-1
Whenx =3,y = (3)> -3 (3)2-9(3) + 7 =27 — 27 - 27 + 7 = —20.
Whenx = -1,y = (-1)> =3 (-1)2 -9 (-1) +7=-1-3+9 + 7 = 12.
Hence, the points at which the tangent is parallel to the x-axis are (3, —20)
and (-1, 12).

Find a point on the curvey = (x — 2)2 at which the tangent is parallel to the
chord joining the points (2, 0) and (4, 4).
Answer

If a tangent is parallel to the chord joining the points (2, 0) and (4, 4), then the slope
of the tangent = the slope of the chord.
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=2,

4-0 4
The slope of the chord is4—2 2

Now, the slope of the tangent to the given curve at a point (X, y) is given by,

D _3(x-2)

dx

Since the slope of the tangent = slope of the chord, we have:
2(.\'— 2)=2

(5]

=>x-2=1=>x

n

Whenx=3, y=(3-2) =L

Hence, the required point is (3, 1).

Find the point on the curve y = x3 — 11x + 5 at which the tangentisy = x —
11. Answer

The equation of the given curve isy = x3 — 11x + 5.

The equation of the tangent to the given curve is given as y = x — 11 (which is of

the form y = mx + ¢).
~Slope of the tangent = 1

Now, the slope of the tangent to the given curve at the point (x, y) is given by,
dy
dx

Then, we have:

=3x* =11

Ix -11=1
=3x’ =12
=x" =4
= x=32

Whenx=2,y=(2>>-11(2)+5=8—-22+5= -0,
When x = =2,y = (=2)> = 11 (=2) + 5= -8 + 22 + 5 = 19.
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Hence, the required points are (2, —9) and (-2, 19).

Find the equation of all lines having slope —1 that are tangents to the curve

Answer
y = ]— x#1
The equation of the given curve is x-—1
The slope of the tangents to the given curve at any point (x, y) is given by,
dy -l
dx ¥ (_\-_ |'):

If the slope of the tangent is —1, then we have:
-1

=1
(x=1)

= (x-1)" =1
=>x-1=%I
=x=2,0

Whenx =0,y =-1andwhenx =2,y = 1.

Thus, there are two tangents to the given curve having slope —1. These are

passing through the points (0, —1) and (2, 1).
~The equation of the tangent through (0, —1) is given by,

y=(~1)=-1(x~0)
= y+l=—x
= y+x+1=0
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~The equation of the tangent through (2, 1) is given by,

y—-1=-1(x-2)
Sy—1=—-x+2

2y+x—-3=0

Hence, the equations of the required linesarey + x+ 1 =0andy + x — 3 = 0.

Find the equation of all lines having slope 2 which are tangents to the

]
y=——,x%#3
curve x—3
Answer

y=- : -, x#3
The equation of the given curve is x-3
The slope of the tangent to the given curve at any point (X, y) is given by,
dy -1

E_(.\'—S'):

If the slope of the tangent is 2, then we have:
-1
(x-3)

=2
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=2(x-3)" =-1
= (x-3)' = ;l

-

This is not possible since the L.H.S. is positive while the R.H.S. is negative.

Hence, there is no tangent to the given curve having slope 2.

Find the equations of all lines having slope 0 which are tangent to the curve

1
) e
The equation of the given curve is X —2x+3,

The slope of the tangent to the given curve at any point (X, y) is given by,

dy  —(2x-2)  -2(x-1)

d (£-2x+3) (¥ -2x+3)

If the slope of the tangent is 0, then we have:
—2(x-1

T u L0

(.\“ —2x+ 3_)

=-2(x-1)=0

= x=1

1
": p—rt
Whenx =1,  1-2+3

| —

/

] is given by,

| —

1,
~The equation of the tangent throughL
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1
_1 '—5—()(1—1)
|
= y-—=0
*72
1
)
2

1
y==
Hence, the equation of the required line is 2

X5
+ - =1
Find points on the curve 9 16 at which the tangents are

(i) parallel to x-axis (ii) parallel to y-
axis Answer

X: - P
The equation of the given curveis 9 16
On differentiating both sides with respect to x, we have:

2x 2y dy

—_—t = =0
9 16 dx
ﬂ _ —l6x
dc 9y
-16x =
9y

(i) The tangent is parallel to the x-axis if the slope of the tangent is i.e.,
0 which is possible if x = 0.

f\:._ + ',V,_, =1
Then, 9 16 forx =0

=y’ =16=y=14

Hence, the points at which the tangents are parallel to the x-axis
are (0, 4) and (0, — 4).
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(ii) The tangent is parallel to the y-axis if the slope of the normal is 0, which
-1 9y
=——=

~16x T l6x

gives( =>y=0.

Y

> R i
e o e =]
Then, 9 16 fory = 0.
= x=13
Hence, the points at which the tangents are parallel to the y-axis
are (3, 0) and (- 3, 0).

Find the equations of the tangent and normal to the given curves at the indicated points:
() y = x* — 6x> + 13x® — 10x + 5 at (0, 5)
(i) y = x* — 6x° + 13x% — 10x + 5 at (1, 3)

(i) y = x> at (1, 1)
(iv)y = x> at (0, 0)

P
(V) x =cost,y =sintat 4

Answer

(i) The equation of the curve is y = x* — 6x° + 13x° — 10x +
5. On differentiating with respect to x, we get:

Y dd 185 426510
dx

dy =-10

dx (0, 3)

Thus, the slope of the tangent at (0, 5) is —10. The equation of the tangent is given
as:y—5=-10(x - 0)
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>y—-5=—-10x

=2>10x+y=5
-1 ]

Slope of the tangent at (0, 5) 10

The slope of the normal at (0, 5) is

Therefore, the equation of the normal at (0, 5) is given as:
|

p—5S=—(x-0

’ ]0( )

=10y-50=x
= x-10y+50=0

(ii) The equation of the curve isy = x4 - 6x3 + 13x2 - 10x +

5. On differentiating with respect to x, we get:
dy

— =4x' -18x* +26x-10
dx

dy

- J =4-18+26-10=2
dx |, 3

Thus, the slope of the tangent at (1, 3) is 2. The equation of the tangent is given as:

=] 3

Slope of the tangent at (1,3) 2~

—_—

The slope of the normal at (1, 3) is

Therefore, the equation of the normal at (1, 3) is given as:
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y-3= —%(.\'—l)
=2y—-6=—x+1
=x4+2y-7=0

(iii) The equation of the curve isy = x>. On
differentiating with respect to x, we get:

Thus, the slope of the tangent at (1, 1) is 3 and the equation of the tangent is given as:
y=1=3(x~-1)
=y=3x-2
-1 -1
Slope of the tangent at (1, 1) 3

The slope of the normal at (1, 1) is

Therefore, the equation of the normal at (1, 1) is given as:
-1

p—l=—(x-1

y=1=5(x-1)

=3y-3=—x+1

=x+3y-4=0

(iv) The equation of the curveisy = x2. On
differentiating with respect to x, we get:

dy

dx
dz‘;} -0
dx {0, 0)

Thus, the slope of the tangent at (0, 0) is 0 and the equation of the tangent is given

as:y—0=0(x-0)
>y=0

2x
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-1 1

Slope of the tangent at (0, 0) 0

defined.
Therefore, the equation of the normal at (Xg, yo) = (0, 0) is given by
x.=g = 0:

(v) The equation of the curve is X =cos t, y = sin L.

x=cost and y =sin/

dx : dy
Jo—==8int, —— =Cost
dt dt
(4)
dy 1 cost
p LG NA ] OO . cott
dx fbf ~sinf
dt
dy
—| =-cott=-1
dx | _=
n
t=—

Thus, the equation of the tangent to the given curve at

I 1
=2>x+y-—F=—"7=0

V2 2
:>.r+.,\'—\/’?j=0

=k =1.

T T
t=— Slope of the tangent at 7 =
The slope of the normal at is 4
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m. [(1 1)
t=—1e,at|| —, '—,:J
4 L\V2 2 o

Therefore, the equation of the normal to the given curve at

Find the equation of the tangent line to the curve y = X2 — 2X + 7 which is
(a) parallel to the line 2x —y +9=0

(b) perpendicular to the line 5y — 15x = 13.
Answer

s - s 7 e
The equation of the given curve is y=X 2x+7 .

On differentiating with respect to X, we get:
dy
= =2x-2
dx

(a) The equation of the lineis 2x —y +9=0.2Xx — y
£9=0..y=2x+9

This is of the form y = mx + C.
.".Slope of the line = 2

If a tangent is parallel to the line 2X — y + 9 = 0, then the slope of the tangent is equal to the slope of

the line.

Therefore, we have: 2 =

2X — 2

=>2x=4
=:x-=2
Now, X =2

=y=4—4+7=7
Thus, the equation of the tangent passing through (2, 7) is given by,
y=7=2(x-2)

= y=2x—-3=0
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Hence, the equation of the tangent line to the given curve (which is parallel to line 2x

y+9=0) is‘l'—z,\‘—:;:()_
(b) The equation of ke lira l% 5y — 15x = 13.

y=3x+—
5y — 15x = 13 - 5
This is of the form y = mx +

c. - Slope of the line = 3

If a tangent is perpendicular to the line 5y — 15x = 13, then the slope of the tangent
is

1

o] _-1

slope of the line 3

=/'Tx 2=_—I
3
-1
= 2x=—+2
3
5
= 2x=—
3
5
= X=—
[}
NO’W,\:—
25 10 25—-060+252 217
= y=2-—4T= TS
T 36 6 36 36

(5 217)

Thus, the equation of the tangent passing through"‘ 6 36 ‘is given by,

217 I[ 5]
yp——=—| Xx——
T 36 3 6

36y—217 -
:u;_(6(—5)

36 18
=36y -217=-2(6x-5)
= 36y-217=-12x+10

=36y+12x-227=0
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Hence, the equation of the tangent line to the given curve (which is perpendicular to line

5y — 15x = 13) is36y+12x-227=0

Show that the tangents to the curve y = 7x3 + 11 at the points where x = 2 and x =
—2 are parallel.

Answer

The equation of the given curve isy = 7x3 + 11.

dy
o
l 3 (¥ 20 )

so=—=2]x"
dx
The slope of the tangent to a curve at (xg, yo) is('\

Therefore, the slope of the tangent at the point where x = 2 is given by,

1y ; N2

Q] =21(2) =84

U7 ) R

It is observed that the slopes of the tangents at the points where x = 2 and x = -2
are equal.

Hence, the two tangents are parallel.

Find the points on the curve y = x3 at which the slope of the tangent is equal to the
y-coordinate of the point.

Answer

The equation of the given curve isy = x3.

il'i =3x?
dx
The slope of the tangent at the point (x, y) is given by,
ﬂ} =3%
dx Ji,

When the slope of the tangent is equal to the y-coordinate of the point, then y =

3x2. Also, we have y = x>
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- x> (x=3)=0

~ x=0,x=3

When x = 0, then y = 0 and when x = 3, theny = 3(3)2 = 27.
Hence, the required points are (0, 0) and (3, 27).

For the curve y = 4x3 - 2x5, find all the points at which the
tangents passes through the origin.

Answer

The equation of the given curve isy = 4x3 - 2x5.

Ldy
T
Therefore, the slope of the tangent at a point (x, y) is 12x2 -
10x4. The equation of the tangent at (x, y) is given by,

12x" —=10x*

Y - y=(12x*-10x* ) (X - x) (1)

When the tangent passes through the origin (0, 0), then X =Y =
0. Therefore, equation (1) reduces to:

-y = (] 2.\': - IO-\"l ) ( —"')

y=12x'-10x"
Also, we have

y=4x" -2x°.
s 1260 -100° =457 -2x°
=8 —-8x’ =0

=x —x'=0

=¥ ‘\ —]:]:D
= x=0, 1

y .:—‘) 5 -
When x =0, y ~40)"=2(9) =0
Whenx =1,y =4 (1)> -2 (1)° = 2.

When x = -1,y = 4 (-1)° = 2 (-1)° = -2.
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Hence, the required points are (0, 0), (1, 2), and (-1, —=2).

Find the points on the curve x> + y2 — 2x — 3 = 0 at which the tangents are parallel
to the x-axis.

Answer

The equation of the given curve is x2 + y2 —-2X =3 =
0. On differentiating with respect to x, we have:

2x 4 2)'£—2 =0
dx
dy
= yp—=1-x
dx
dy 1-x
= ==
dce v

Now, the tangents are parallel to the x-axis if the slope of the tangent is 0.
—X

So—=0=2]-x=0=x=1
y

But,x2+y2—2x—3=0forx=1.

_>y2 =4 . 1—+2

Hence, the points at which the tangents are parallel to the x-axis are (1, 2) and (1,
-2).

Find the equation of the normal at the point (amz, am3) for the curve ay2 =
x3. Answer

The equation of the given curve is ay2 = x3.
On differentiating with respect to x, we

have:
dy ,
2ay-—=—=3x"
dx
dy  3x°
i T —

dc  2ay
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4
Ix PR

The slope of a tangent to the curve at (xg, yo) is ¢

= The slope of the tangent to the given curve at (am2, am3) is

2
“ ¥ N y
dy ” "(‘-‘”’ ) 3a’m' 3m
A J(am?, an) 2u(am‘) 2a°m’ 2
2 3
- Slope of normal at (am”, am™)

slope of the tangent at (am’, am’) 3m

Hence, the equation of the normal at (amz, am3) is given by,

K g
y = am? =3T"(_.\' —am )

4 2
= 3my—3am” =-2x+2am

= 2x+3my —am” (2 +3m” ) =0

Find the equation of the normals to the curve y = x3 + 2Xx + 6 which are parallel to
the line x + 14y + 4 = 0.
Answer

The equation of the given curveis y = x3 + 2X + 6.
The slope of the tangent to the given curve at any point (x, y) is given by,

dy 5
——=3x"+2
dx

. Slope of the normal to the given curve at any point (x, y)
3 -1
Slope of the tangent at the point (x, y)
-1

)

x“+2

[

The equation of the given lineis x + 14y + 4 = 0.
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1 B!
X+ 14y +4 =0 = y= 14" «ﬁ(which is of the form y = mx + ¢)
=1

=~ Slope of the given line = 14
If the normal is parallel to the line, then we must have the slope of the normal
being equal to the slope of the line.

-1 -1
T34z 14

=3x'+2=14

=—3x =12
=>x =4
=-x==2

Whenx =2,y=8+4+ 6 = 18.

Whenx =-2,y=-8-4+4+6 = —6. I

Therefore, there are two normals to the given curve with slope 14 and passing
through the points (2, 18) and (-2, —6).
Thus, the equation of the normal through (2, 18) is given by,
. =1
y—18=—(x-2
y=18=—(x-2)
=14y -252=-x+2
=x+14y-254=0

And, the equation of the normal through (=2, —6) is given by,

(8= (2]

-_:>_1'+6=I—(.\-+2')

= 14y+84=—-x-2

= x+14y+86=0

Hence, the equations of the normals to the given curve (which are parallel to the
given

line) are x+14y-254=0and x+14y+86 = (.
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Find the equations of the tangent and normal to the parabola y2 = 4ax at the point
2
(at™, 2at).

Answer
The equation of the given parabola is y2 = 4ax.

On differentiating y2 = 4ax with respect to x, we have:

dy
2y—=4a

dx

dv 2a

dc vy

u_’r} _2a
ar®, 2at Ix | - “Oat 4
~ The slope of the tangent at( ) is dx Aot oxtel] ar 1

, (ul". 2ul)_ ,
Then, the equation of the tangent at is given by,
T s
-|x—at’ )
y — 2at=1" ;

=>ty-2at"=x-at’

=ty=x+at

ar®, 2at
Now, the slope of the normal at( )is given by,

-1

—— =t
Slope of the tangent at (at”,2at )

Thus, the equation of the normal at (at2, 2at) is given as:
y=-2at= »—r(.\' - ar:)
= y—2at =—tx+at’

= y=—tx+2at+at’

Prove that the curves x = y2 and xy = k cut at right angles if 8k2 = 1. [Hint: Two
curves intersect at right angle if the tangents to the curves at the point of intersection

are perpendicular to each other.]
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Answer
The equations of the given curves are given as™ = and xy = k.

Putting x = y2 in xy = k, we get:

( 2 1Y
k3, k
Thus, the point of intersection of the given curves is " 2,
Differentiating x = y2 with respect to x, we have:
P SO
Tdx de 2y
. f 2 1Y
| k2, &3
i’i 1 ope of the tangent to the curve x = y2 at' ’is
dx ‘A' 8] ni3 '
On differentiating xy = k with respect to x, we have:

v v~y
x s y=0=> -2

dx dx x

(i T
k3, k3
Slope of the tangent to the curve xy = k at /is given by,
|
d}'—l B —y} s
el x 34 2L
¢ 4'.\.,\ | “)..u ‘ k_. k"
We know that two curves iry , | tright angles if the tangents to the curves at the
k3, k3

point of intersection i.e., at* / are perpendicular to each

other. This implies that we should have the product of the tangents

as — 1.

Thus, the given two curves cut at right angles if the product of the slopes of their

( 2 1Y
k 3 . l\ 3
respective tangents at \ ‘is —1.
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/ AN
1 -1
Le., ] = ]= -1
Sl W S
= 23 =1
S
=[26° | =(1)
l\ _)I
= 8k* =1

Hence, the given two curves cut at right angels if 8k2 =1.

i
NS : e l
Find the equations of the tangent and normal to the hyperbola @~ b’ at the

point (o> Yo,

. Answer

=]
Differentiatinga@” 5" with respect to x, we have:
2x 2ydy
a’ b dx
_2ydy 2x

2 5

_> —
b* dx a’
dy b’x

R 3
dc a’y

0

d_)»‘:| g bz\,)
Therefore, the slope of the tangent at('\“" """)is A Yy @ Do .

Then, the equation of the tangent at( . '1“)|s given by,
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2

h°x,
20

2 2.2 2 2 2
= ayy,-ay,=bxx,-b"x;

= bixx, —a’yy, —b’x: +a’yl =0

o Mo _|Xo_Jol_g [On dividing both sides by a’h” |

a b a-  b*

Mo Y 1.9 (x,. ¥, ) lies on the hyperbola E L
a b : b

X’.\’(. _ .":l".n a I

a b

Now, the slope of the normal at("‘“‘ -""“)is given by,

b
- ~dy,

Slope of the tangent at (x,, y,) T bx,

Hence, the equation of the normal at("“” -"’“)is given by,

-a Yo

bz.\‘ ("‘ —X )

=¥V _ _(":_ %)
a .v(l b z "’()

Y—W=

Y~ Vo + (". » xn) -0

=—
ay, b°x,

Question 25:

Find the equation of the tangent to the curve y=N3x-2 which is parallel to the line 4x

-2y +5=
0. Answer

|8

The equation of the given curve isy = 3x-

The slope of the tangent to the given curve at any point (x, y) is given by,
dy 3
dx  2\3x-2
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The equation of the given lineis 4x — 2y + 5 = 0.

y=2x+

4x -2y +5=0- y=mx+c)

SRRV

(which is of the form
=~ Slope of the line = 2

Now, the tangent to the given curve is parallel to the line 4x — 2y — 5 = 0 if the slope
of the tangent is equal to the slope of the line.

23x-2
=3x-2==
k 4
4
:>3.r—2:i_
16
] :
=3x=—+2= wl
16 16
4]
x=—
48
. 4 (41 41 l41-32  [o 3
Whenx=—, y= 3L' ]—2= ,fx —2=V| =\) .=,
48 48, Vie 16 16 4
\f’4| 3
- Equation of the tangent passing through the point" a8 4f'is given by,
3 .f 1
L——=2\ r—ﬂ
4 . 48)

= 24y —18=48x 4]
= 48x 24y =23

ARy —_2d v =2
Hence, the equation of the required tangent is48" 24y = “3.

The slope of the normal to the curve y = 2x% + 3sinxatx =0is
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1

"1 3(B) 3(C) -3 (D)
3 Answer

y= 2% +3sin v
The equation of the given curve is¥ = 2% *3sinx

Slope of the tangent to the given curve at x = 0 is given by,
1y

= =4x+3cosx]  =0+3cos0=3

dx ], o

Hence, the slope of the normal to the given curveat x =0 is

-1 -1

Slope of the tangent at x =0

pro
3

The correct answer is D.

The liney = x + 1 is a tangent to the curve y2 = 4x at the point

(A) (1, 2) (B) (2, 1) (C) (1, =2) (D) (-1,
2) Answer

The equation of the given curve is? = 4%,
Differentiating with respect to x, we have:
) 2
T odx dx y

Therefore, the slope of the tangent to the given curve at any point (%, y) is given by,

dy 2
de vy
The given line is y = x + 1 (which is of the form y = mx + ¢)

~ Slope of the line = 1

The liney = x + 1 is a tangent to the given curve if the slope of the line is equal to
the slope of the tangent. Also, the line must intersect the curve.

Thus, we must have:
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2
—=1
y

=5y =2

Now,y=x+1=>x=y-1=>x=2-1=]

Hence, the line y = x + 1 is a tangent to the given curve at the point (1,
2). The correct answer is A.
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1. Using differentials, find the approximate value of each of the following up to 3

places of decimal

(i) V253 (i) V49.5 (iii Jo.6

(0.009)7 . (0.999)5 __(15)s
vy (V00 () (099)° sy (19)

ity (26) (yiiiy (255)F ;) (B2)F

)(40[) (x )(UOOT’ "6“'7

(){

(xiii) {\8].5]4 (xiv) {"3.968]1 [’. IS)‘
Answer

V253

(xv)

(1
Consider? = ‘/T Let x = 25 and x = 0.3.
Then,

A1—\h+_h-\/_=\u‘25 -

253 =Ay+5

(-ﬂ
N
Il

(S
0
o
|

wn

Now, dy is approximately equal to y and is given by,

v=| —=— |Ax = 0.3 as ¥ =+/x
‘ u\‘ \j:x( ) ’75 ¥ W
= L(o..?):o,o?;

2425

Hence, the approximate value of v25.3 is 0.03 + 5 = 5.03.

(iiy V49.5

Consider? = \K Let x = 49 and x = 0.5.
Then,
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Ay =/x +Ax —[x =49.5 - 49 = J49.5 -7

= 4‘).5 = 7 + «'\'\-'

Now, dy is approximately equal to y and is given by,

v e = 1) [as =]
1 1
=—e[0.3)=—{0.53)=10.035
—5(05)=1:(0:5) 20033

Hence, the approximate value ofV49-3is 7 + 0.035 = 7.035.

—
(iii) V0.6

Consider? = V¥  Letx = 1 and x = — 0.4.
Then,

Ay =Jx+Ax —x = 0.6 -1

= 0.6 =1+Ay

Now, dy is approximately equal to y and is given by,

. f—iw Ax = ——(Ax —
dy = § dx/-_\.m ot (Ax) [as y= \.',x}
1,
= ;[_—0.'4») =—0.2

i

lr_
Hence, the approximate value ofV0.6is 1 + (-0.2) =1-0.2=0.8.

(ivy (0:009):

Consider? =X, Let x = 0.008 and x = 0.001.
Then,

Ay = (x-+ Ax)s —(x)¢ =(0.009): —(0.008): =(0.009): ~0.2

|
= (0.009): =0.2+Ay

Now, dy is approximately equal to y and is given by,
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’ v _ r I
dy = @y |Ax = ] ~(Ax) asy=x’

\dx) 3(.\')2 L

= I (().()OI) = 0:001 =0.008
3x0.04 0.12
|
Hence, the approximate value of(O'OO()-)] is 0.2 + 0.008 = 0.208.
1

v) (0.999)“-'

i 1‘:('\‘)“!
Consider- .Let x =1 and x = —0.001.

Then,
1 | 1
Ay = (\ + A\')l" —(x‘)m = (0.999)1'»' -1

n
=(0.999)0 =1+ Ay

Now, dy is approximately equal to y and is given by,

dv{ﬁ)m:%(m) {ag__‘,-z(x)ﬂ

“ 10(x)

= %( -0.001) =-0.0001

1
'0.999 )i

Hence, the approximate value ofrk0 }“ is1+ (—0.0001) = 0.9999.

1
iy (13)°

I

Consider’ =*" . Letx = 16 and x = —1.
Then,

[ 1 [

Ay =(x+Ax)* —x* =(15) —(16)1 =(15)+ -2
= (15)i =2+ 4y

Now, dy is approximately equal to y and is given by,
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() o [ '
Ch:| ﬂ Ax = I . (L\J) asy:x-t
\ dx v 4(\]_‘ )

_ (-1)=—- =2 = 003125
4x8 32

15)i
Hence, the approximate value of(l ~) is 2 + (—0.03125) = 1.96875.

|
(viiy (20)°
I
Consider” ~ (x)? .letx =27and x = -1.
Then,

1

Ay = (x+Ax)s - (x)F =(26) - (27)5 =(26)F -3
= (26)F =3+ 4y

Now, dy is approximately equal to y and is given by,

(dy) | ‘ L
dy = —J&rz - (Ax) asy=(x)
\_dx 4 T A ! L 2
3(x)s ~
I -1 e
= (-1)=—=-0.0370
3(27)s a1

{2613
Hence, the approximate value of(v"ﬁ) is 3+ (—0.0370) = 2.96209.

(255)s

1
o y=(x)s _ _
Consider 7 . letx =256and x = -1.
Then,

Ay = (x + Ax)i =(x)i =(255)F —(256) = (255)+ —4
= (255)¢ =4+ Ay

Now, dy is approximately equal to y and is given by,
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A \ r |
(1)’: Llfl. L'.\.\’=—]}-(.L\\‘) tasr\':x4:|
NS 4w
~ +(-1)=- _'_1 = —0.0039
4(256)s B

2 4
Hence, the approximate value of ('55) is4 + (—0.0039) = 3.9961.

(ix) (82)4

I
Consider’=*" . Letx = 81 and x = 1.
Then,
! 1 | ] |
Ay =(x+Ax)s —(x)* =(82)+ - (81)* =(82)+ -3
1
= (82)* = Ay +3

Now, dy is approximately equal to y and is given by,

3

\ax) (x)e

. () = 0009

a8y 4(3) 108

(dv) [ '
cb’=‘uﬁ Ax = ] (Ax) PS)‘:"AJ

82)
Hence, the approximate value of( ) is 3 + 0.009 = 3.0009.

o) (401)2

I
Consider” =*" . Let x = 400 and x = 1.
Then,
Ay =x + Ax —/x =401 - /400 = V401 -20
— 401 =20+ Ay

Now, dy is approximately equal to Ay and is given by,
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el G oscn: B o —
d_\._[dr),y*z\/.‘_-(A\) |:db_\'-—.\ }
1 1
= 1)=—=0.025
2x20() 40

Hence, the approximate value of V40l is 20 + 0.025 = 20.025.

I

(xiy (0-0037)2

ConsiderY =%’ Let x = 0.0036 and x = 0.0001.
Then,

| 1 | 1 |
Ay =(x+Ax)2 =(x)2 =(0.0037)2 - (0.0036)2 = (0.0037)2 - 0.06

1
= (0.0037)2 = 0.06 + Ay

Now, dy is approximately equal to y and is given by,

il _ [ 1
dy = @ Ax = lI,_ (Ax) Las_v =x::|
Ldx J 2/ x
- (0.0001)
2=0.06" '
_ 00001 _ , 50083
0.12
- , !
Thus, the approximate value of['U'UUB?-]; is 0.06 + 0.00083 = 0.06083.
I
2 3
(xii) ('6'57)

I
Consider? =% . Let x = 27 and x = —0.43.
Then,

Ay =(x+Ax)3 —x* =(26.57) —(27) =(26.57)3 -3

I
=(26.57)F =3+Ay

Now, dy is approximately equal to y and is given by,




Class XII Chapter 6 - Application of Derivatives

Maths

{ A
dy =tﬂ Ax = #(\\)

asy=x’
dx ) 3(.\‘)-:5
1
= -0.43
3(9)( )
> -0.43 —_0.0]5
27

. (26.57)-‘ .
Hence, the approximate value of 7 is 3 + (—0.015) = 2.984.

oy (81:3)°

Consider? =*" Let x = 81 and x = 0.5.

Then,
Ay =(x+Ax)i - (x)1 = (81.5)1 —(81)1 =(81.5)1 -3
= (81.5)+ =3+4y

Now, dy is approximately equal to y and is given by,

{ v [ !
c/)’=| ﬂ |Ax = ] -(Ax) asy = x‘}
N 4w L
S
. ()= 610046
4(3)’ 108
1
. (8].5)4.
Hence, the approximate value of is 3 + 0.0046 = 3.0046.
3
(xivy (3-968):

3

Consider? =% . Let x = 4 and x = — 0.032.
Then,

3

Ay = (x+Ax)2 —x? =(3.968): —(4)2 = (3.968): -8

= (3.968): =8+ Ay
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Now, dy is approximately equal to y and is given by,

{ i) \ L | 3
dy :| 4 A= é(\) (Ax) asy=x?
\dx ) 2 ‘ L |
-2()(-0022)
52 032
=-0.096
3
Hence, the approximate value of(3'%8): is 8 + (—0.096) = 7.904.

|
32.15)s
(XV)( ] )
|
ConsideryY =*" . Let x = 32 and x = 0.15.
Then,

| ! | [ |
Ay =(.\'+A\')‘ -x° =(32.IS)* —(32)‘ =(32.15)* -2
= (32.15)s =2+ Ay

Now, dy is approximately equal to y and is given by,

{ - I\‘I . . l
\ G X ,,-I 5(.\:)3 L
o (0.15)
ﬁt(ﬁ]i N
5
=915 _o00187
80

1
5);

32,
Hence, the approximate value of(- ] is2 +0.00187 = 2.00187.

Find the approximate value of f (2.01), where f (x) = 4x2 + 5x +
2 Answer

Let x = 2 and x = 0.01. Then, we have: f(2.01)
=f(x+x)=4(x+x)2+5(x+x)+2Now,y=

f(x + x) — f(x)
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L f(x+x)=f(x) +y

oS () + 1 (x) Ax (as dx = Ax)
= [(2.01) = (4x" +5x+2)+(8x+5)Ax
= [4(2)3 + 5(2)+2} +[8(2)+5](0.01) [asx=2, Ax=0.01]
=(16+10+2)+(16+5)(0.01)
=28+(21)(0.01)
=28+0.21
= 2821

Hence, the approximate value of f (2.01) is 28.21.

Question 3:

Find the approximate value of f (5.001), where f (x) = x> — 7x° +
15. Answer

Let x = 5 and x = 0.001. Then, we have:
£(5.001)= f(x+Ax)=(x+Ax) =7(x+Ax)’ +15
Now, Ay = f(x+Ax)- f(x)
Sf(x+Ax) = f(x)+ Ay
> f(x)+ f(x)-Ax (as dx = Ax)
= f(5.001) ~ (x* = 7x* +15)+(3x" —14x) Ax
=[(5) =7(5)" +15]+[3(5)" ~14(5) | (0.001) [x=5,Ax=0.001]
(125-175+15)+(75-70)(0.001)
-35+(5)(0.001)
-35+0.005

-34.995
Hence, the approximate value of f (5.001) is —34.995.

Question 4:

Find the approximate change in the volume V of a cube of side x metres caused
by increasing side by 1%.
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Answer

The volume of a cube (V) of side x is given by V = x3.

\x

]

X
£

(

3
=(3.\

2 ) /
*)(0.01x) [as 1% of x is 0.01x]
=0.03x"

Hence, the approximate change in the volume of the cube is 0.03x3 m3.

Find the approximate change in the surface area of a cube of side x metres caused
by decreasing the side by 1%

Answer

The surface area of a cube (S) of side x is given by S = 6x°.

51 ﬁ = ( ﬂ]l&\'
dx \ dx

=(12x)Ax
=(12x)(0.01x) [as 1% of x is 0.01x]

=0.12x"

Hence, the approximate change in the surface area of the cube is 0.12x2 m2.

If the radius of a sphere is measured as 7 m with an error of 0.02m, then find
the approximate error in calculating its volume.

Answer

Let r be the radius of the sphere and r be the error in measuring the radius.
Then,

r=7mandr=0.02m

Now, the volume V of the sphere is given by,
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If":im'j
3

J—F =4mr’
dar

i dV 1 Lo

Lodr )

= ( 4mr* ) Ar

sdF =

=4n(7)"(0.02) m’ =3.92x m’

Hence, the approximate error in calculating the volume is 3.92 n m3.

If the radius of a sphere is measured as 9 m with an error of 0.03 m, then find
the approximate error in calculating in surface area.

Answer

Let r be the radius of the sphere and r be the error in measuring the radius.
Then,

r=9mandr=0.03m

Now, the surface area of the sphere (S) is given

by, S = 4nr2
£ =8mr
dr
GO
&A= (‘/—S Ar
\ dr )
=(8mr)Ar
=8n(9)(0.03) m’
-2.16n1 m’

Hence, the approximate error in calculating the surface area is 2.16n m2.

If f (x) = 3x2 + 15x + 5, then the approximate value of f (3.02) is
A. 47.66 B. 57.66 C. 67.66 D. 77.66

Answer
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Let x = 3 and x = 0.02. Then, we have:
S(3.02)=f(x+Ax)= 3(x+;\\')3 +15(x+Ax)+5
Now, Av= f(x+Ax)- f(x)
= f(x+Ax) = f(x)+Ay
~ f(x)+ /' (x)Ax (As dx = Ax)

= [(3.02) = (3x* +15x+5) +(6x +15) Ax

=[3(3)" +15(3)+5]+[6(3)+15](0.02) [Asx=3, Ax=0.02]

= (27+45+5)+(18+15)(0.02)

=77+(33)(0.02)

=7740.66

=77.66
Hence, the approximate value of f(3.02) is 77.66.

The correct answer is D.

The approximate change in the volume of a cube of side x metres caused by
increasing the side by 3% is

A. 0.06 x> m>B. 0.6 x>m> C.0.09%> m>D. 0.9 x> m>
Answer

The volume of a cube (V) of side x is given by V = x3.

{ AV
~dv = ‘ —‘—“— }A\‘
\ dx

= (3."2 ).‘l,\.\'
=(3x7)(0.03x) [As 3% of x is 0.03x]
=0.09x" m’

Hence, the approximate change in the volume of the cube is 0.09x3
m3. The correct answer is C.
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Find the maximum and minimum values, if any, of the following functions given by

(i) f(x) = (2x — 1)% + 3 (ii) f(x) = 9> + 12x +
2 (iii) f(x) = —(x — 1)% + 10 (iv) g(x) = x° + 1
Answer

(i) The given function is f(x) = (2x — 1)2 + 3.

It can be observed that (2x — 1)2 > 0 for every x -
R. Therefore, f(x) = (2x — 1)2 + 3 = 3 for every x -
R. The minimum value of f is attained when 2x — 1 =
0.

1
2X — 1 =0 - 2

Il

/ ] \*
| 21| +3
~ Minimum value of f= ‘</ \ = / =3

Hence, function f does not have a maximum

value.

(i) The given function is f(x) = 9x> + 12x + 2 = (3x + 2)° —

2. It can be observed that (3x + 2)2 > 0 for every x . R.
Therefore, f(x) = (3x + 2)2 — 22> -2forevery x . R.
The minimum value of f is attained when 3x + 2 = 0.

-2
xX=—
3x+2=0- 3

( |+E

A f
2
)
LA T v

«» Minimum value of f = /' —% | =

Hence, function f does not have a maximum

value. (iii) The given function is f(x) = — (x — 1)2

+ 10.

It can be observed that (x — 1)2 > 0 for every x . R.
Therefore, f(x) = — (X — 1)2 + 10 < 10 for every x -
R. The maximum value of f is attained when (x — 1) =
0.(x—-1)=0-~ x=0

- Maximum value of f = f(1) = — (1 — 1)® + 10 = 10
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Hence, function f does not have a minimum
value. (iv) The given function is g(x) = x3 + 1.
Hence, function g neither has a maximum value nor a minimum value.

Find the maximum and minimum values, if any, of the following functions given by

() f(x) =|x+2]=1(i)gx)=—|x+1| +
3 (iii) h(x) = sin(2x) + 5 (iv) f(x) = |sin 4x +
3]

(v) h(x) =x+ 4, x€ (-1,

1) Answer

Q) fox) = +2l-1

x+2/20
We know that ' for every x . R.

x+2|-12-1

Therefore, f(x) = for every x . R.

v 32| =
The minimum value of f is attained when!* ™=l = 0,

- =|-2+2|-1=-1
~ Minimum value of f = f(=2) =

Hence, function f does not have a maximum
value.

x+1/+3

(i) g(x) =

—jx+1]<(

)
We know that “for every x . R.

Therefore, g(x) = _é"+ l":‘ = 3for every x . R.
The maximum value of g is attained when;'\“l - 0.
x+1=0

= x=-1

—|=1+1|+3=3
~» Maximum value of g = g(-1) = ! I+1j+3=3

Hence, function g does not have a minimum

value.
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(iii) h(x) = sin2x + 5

We know that — 1 < sin 2x <

~ —1+5<sin2x+5<1+5

~ 4<sin2x+5<6

Hence, the maximum and minimum values of h are 6 and 4 respectively.

sindx+3

(iv) f(x) =
We know that —1 < sin 4x < 1.
. 2<sin4x+3 <4

. o< ‘sm4x+3's4

Hence, the maximum and minimum values of f are 4 and 2 respectively.
(V) h(x) =x+1,x~ (-1,1)
L+l<x,+1

Here, if a point xg is closest to —1, then we find 2 forall xg ~ (-1, 1).

x, +1
X+l <—4+1

Also, if x1 is closest to 1, then 2 forall x1 ~ (-1, 1).
Hence, function h(x) has neither maximum nor minimum value in (-1,

1).

Find the local maxima and local minima, if any, of the following functions. Find also
the local maximum and the local minimum values, as the case may be:

(). f(x) = x° (ii). g(x) = x° — 3x
v< X

(ii). h(x) = sinx + cos, 0 < 2 (iv). f(x) = sinx — cos X, 0 < X < 2
v). f(x) = x> — 6x2 +9x + 15

g(x)= 2 el
(vi). 2 X

g(". T T
(vii). X +2z
(viii).

S(x)=xvl-x,x>0

Answer
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(i) f(x) = x°
s () =2y
Now,

Fix)=0=3%=0
Thus, x = 0 is the only critical point which could possibly be the point of local maxima
or local minima of f.

A =2
We have I (O) “, which is positive.

Therefore, by second derivative test, x = 0 is a point of local minima and local
minimum value of fat x = 0 is f(0) = 0.

(i) g(x) = x> — 3x

s g'(x)=3x"-3

Now,

g (x)=0=23" =325 ==+1

g'(x)=6x
g'(1)=6>0
g'(-1)=-6<0

By second derivative test, x = 1 is a point of local minima and local minimum value of
gatx=1isg(1) =13 -3 =1- 3= —2. However,
x = —1 is a point of local maxima and local maximum value of g
atx=-1isg(l)=(-1)>-3(-1)=-1+3=2.

=
(iii) h(x) = sinx + cosx, 0 < x <2
s (x)=cosx—sinx

{/ 3\
: n
W(x)=0=sinx=cosx=>tanx=1=>x= i ‘ 0,

,
o =
Nty

h"(x)=—sinx—cosx =—(sinx+cos \)

{ o\ 4 3\ ~

PP .2 T 0 S Gy N Y
4 ) ) A ~ =
\*/ Ve Ve V&
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b
x=—
Therefore, by second derivative test, 4 is a point of local maxima and the local

] 1 r—
=i h(#}~sm—+uos£=— —==v2.

maximum value of h at 4is 4 4 4 ‘/5 V2
(iv) f(x) =sinx —cos x, 0 < x < 2n
s f'(x)=cosx+sinx

y 3n Tn
f'(x)=0=cosx=—sinx=>tanx=—-1= V‘T_TE(O,-R)
f"(x)=-sinx+cosx

o 37 3n 3n | 1 =

"| = |[=-sin—+cos—=——=——==—42>0
/ [ 4 J 4 4 2 2

o T n n 1 1

" = |=—sin—+cos—=——+—==12>0
d ( B ) 4 4 2 \2

- 3n
Therefore, by second derivative test,' 4 is a point of local maxima and the local
3n
x=—

maximum value of f at 4 s

(3 s 3 3 1 1
_/(—n)=sm—n—cos—n=—+—= V2. .‘_=7_n

4 4 4 \/-7: \/5 However, 4 is a point of local minima and
7 3 7 1 1
,\-:7_7[ f[iJZSII]—l—C()SfE:————:—\/E

the local minimum value of f at 4 s 4 4 4 ‘/'_2- ‘/5 .

(v) f(x) = x° — 6x° + 9x + 15
S (x)=3x"-12x+9
f'(x)=0 =3(x" —4x+3)=0
=3(x-1)(x-3)=0
=x=1,3

Now, f”
(x)=6x-12=6(x-2)
F(1)=6(1-2)=-6<0
f"(3)=6(3-2)=6>0
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Therefore, by second derivative test, x = 1 is a point of local maxima and the local
maximum value of fatx = 1isf(1) =1 -6 + 9 + 15 = 19. However, x = 3 is a point
of local minima and the local minimum value of fat x = 3is f(3) = 27 — 54 + 27 + 15
= 15.

:
g(x)==+=,x>0
(vi) 2 x
. 1 2
g(x)=x-=
i X
Now,
it 2 B
g'(x)=0 gives—1=;3x‘ =i &% =280
: x 2

Since x > 0, we take x = 2.

Now,

g'(2)= =-l—>()

e

Therefore, by second derivative test, x = 2 is a point of local minima and the local

—=1+1=2.

(SO
+
oM

minimum value of g at x = 2 is g(2) =

g'(x)>0

Now, for values close to x = 0 and to the left of O, "Also, for values close to x =

' (v )
0 and to the right of 0,5‘ (")<( .
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Therefore, by first derivative test, x = 0 is a point of local maxima and the local

2(0)is : =l.
maximum value of 0+2 2 |
(iii) S(x)=xd1-x,x>0
s f(x)=Vl=x+x: ',I_(—I): flmx -—=
2Jl—x 24-x
_ 2(1—.‘&‘)—.& _ 2—3_1
24 l—-x 241—x
2-3x 2
'(x)=0= ——=0=22-3x=0=x==
2vl—-x 3

4[1 - 1]3
_ Jx—4
4(1-x)>

x=—
Therefore, by second derivative test, isa point of local maxima and the local

5
maximum value of f at 3is
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1 2 28
3

33 9

Prove that the following functions do not have maxima or minima:
(i) ) = € (i) g(x) =
logx (iii) h(x) = x3 + x2 +
X + 1 Answer
i. We
have, f(x)
X
=e
2 (x)=2

f'(x)=0, thene* =0

Now, if* . But, the exponential function can never assume 0 for

any value of x.

f'(e)=0.

Therefore, there does not exist c. R such that*

Hence, function f does not have maxima or minima.

ii. We have,
g(x) = log x

1
. ’ ) T
s g (x)=—
x
Sincelog x is defined for a positive number x, g'(x)> 0 for any x.

Therefore, there does not exist c. R such that® (‘) x 0.

Hence, function g does not have maxima or minima.

iii. We have,
3 2
h(x) =x"+x"+x+1

SR (x)=3x" +2x+1

Now,

n
h(x) =0 = 3x2+2x+1=0.~. 6 3
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Therefore, there does not exist ¢~ R such that/’ (‘) - 0_

Hence, function h does not have maxima or minima.

Find the absolute maximum value and the absolute minimum value of the
following functions in the given intervals:

0 f(x)=x"x e[—?_.Z](ii) f(x)=sinx+cosx,xe[0,r]
f(x)= 4,\‘—% ’,xe —2,2}

(iii) “ L <

(iv) )

f(x)=(x-1)" +3,x¢[-3.1]

Answer

(i) The given function is f(x) = x3.

rf(e)=3%"

Now,

f(x)=0 = x=0
Then, we evaluate the value of f at critical point x = 0 and at end points of the
interval [-2, 2].

f(0) =0

f(-2) = (-2)°
—8f(2)=(2)>=38

Hence, we can conclude that the absolute maximum value of f on [-2, 2] is 8
occurring at x = 2. Also, the absolute minimum value of f on [—-2, 2] is —8 occurring
at x = —=2. (ii) The given function is f(x) = sin x + cos x.

" f'(x)=cosx—sinx
Now,

N . T

f(x)=0 = sinx=cosx=tanx=1=x= ‘—
xX=

Then, we evaluate the value of f at critical point

a3

and at the end points of

the interval [0, n].
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2
. (-—lzsm.tmosn Loper =—==1+/2
4 2

£(0)=sin0+cos0=0+1

‘/'(n):sinn+cosn:0—l=—l

Hence, we can conclude that the absolute maximum value of f on [0, n] is\/gccurring

T
xX==—
at 4 and the absolute minimum value of f on [0, n] is —1 occurring at x = n.

f(x)=4x- 1.\':.
(iii) The given function is 2
L f(x)=4-~(2x)=4-x

Now,
f'(x)=0 = x=4

Then, we evaluate the value of f at critical point x = 4 and at the end points of the

I C

L_zv _)}
. 2
interval “d,

f(4)=16-%('16):16~8=8

Fi(o2) S8 (4) = -8-2=~10

(9 (9) 1(9Y) 81 )
fl=|=4=|-%|= ] -18——=18-10.125 = 7.875
\ \ 2 \ 2 / 8
i C
5. 3}
5
Hence, we can conclude that the absolute maximum value of f on*- “-Jis 8 occurring
I C
23]
p)
at x = 4 and the absolute minimum value of f on - “Jis —10 occurring at x = —2.

f(x)= (\—l) +3.

(iv) The given function is*
L S(x)=2(x-1)

Now,
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.f"(.-f):o::-z(x -1)=0- x=1

Then, we evaluate the value of f at critical point x = 1 and at the end points of
the interval [-3, 1].

Hence, we can conclude that the absolute maximum value of f on [-3, 1] is 19
occurring at x = —3 and the minimum value of f on [—-3, 1] is 3 occurring at x = 1.

Find the maximum profit that a company can make, if the profit function is given
by p(x) = 41 — 24x — 18x°

Answer

The profit function is given as p(x) = 41 — 24x — 18x2.

s p'(x)=-24-36x

p'(x)=-36
Now
-24 2
2’ (x)=0 = x=—=——
p'(x) T
Also,
f'_zw
| — |=-36<0
! ‘\ 3)
2
xX=—=
By second derivative test, 3 is the point of local maxima of p.

/
f

.. Maximum profit = pl -
\

w1

)

{ 23 £ 0
:41—24{—l’—I8‘ .
\ 3/' \ l

)
\ <

/

=41+16-8
=49

Hence, the maximum profit that the company can make is 49 units.
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s 1
f(x)=x+—,x=0
Find the intervals in which the function f given by X is

(i) increasing (ii)
decreasing Answer

g 5 sl
f(x)=x +_\’—
f(x)=3x -2 = h“z
Then, f'(x)=0=>3x" ;3 =0y xt ==y x=t]
Now, the points x = 1 and x = —1 divide the real line into three disjoint intervals
i.ell(—sr.:,—I).(—I.I). and (1,).
In intervals(~%—1) and (1) i.e., when x < —1 and x >

1,/ (x)>0. Thus, when x < —1 and x > 1, f is increasing.

f'(x)<0.

Ininterval (-1, 1) i.e., when -1 <x < 1,

Thus, when —1 < x < 1, f is decreasing.

At what points in the interval [0, 2n], does the function sin 2x attain its maximum
value? Answer

Let f(x) = sin 2x.

s f(x)=2cos2x

Now,

f'(x)=0 = cos2x=0
t 3t Sn =

D=, —, —, —
2% et D 2
T 3n Szt Tn

D xX=—, —, —, —
4 4 4 4
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[} ’

n 3n Sn Tn
Then, we evaluate the values of f at critical points 4 4 4 4 andatthe

end points of the interval [0, 2n].

(®) . = (3n) . 3m
f [I)z sm? =1, f [T] =sin—= -1

51 o5 . 3
_/'[‘TJ =smlt: l../[—/—n] =sm7—n=—l
4 2 4 p)

£(0)=sin0=0, f(2n)=sin2nx=0

Hence, we can conclude that the absolute maximum value of f on [0, 2n] is occurring

n

T
X= =

= - X
at 4and

C
4.

What is the maximum value of the function sin x + cos x?
Answer

Let f(x) = sin x + cos x.

5 f'(x)=cosx—sinx

. . T Sm
j'(_t) =0 = sinx=cosx=>tanx=1=Dx=—, —..,,
4 4
F"(x)=-sinx-cosx =~(sinx+cosx)
(x) : : : G :
Now, I )WI|| be negative when (sin x + cos x) is positive i.e., when sin x and cos

X are both positive. Also, we know that sin x and cos x both are positive in the first

f(x) .re((),%].

quadrant. Then, - “will be negative when G

X=
Thus, we consider

L

{

Wf ) ( T n 2 N
= —| SIn—+ oS =— =—2 <0
/ \4J L4 4] [\CJ

J
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T
X =
~ By second derivative test, f will be the maximum at 4 and the maximum value of f

Ty . m n 1 ]
—I—‘SII]—+COS—:—)<—,_-;
4 ) 4 4 J3y

/

i
is *

Find the maximum value of 2x3 — 24x + 107 in the interval [1, 3]. Find the
maximum value of the same function in [-3, —1].

Answer

Let f(x) = 2x° — 24x + 107.
o f(x)=6x"-24=6(x"-4)
Now,

S'(x)=0 36(&: —4) 0>yl =4=>x=12

We first consider the interval [1, 3].

Then, we evaluate the value of f at the critical point x = 2 - [1, 3] and at the end
points of the interval [1, 3].

f(2) = 2(8) — 24(2) + 107 = 16 — 48 + 107 =75
f(1) = 2(1) — 24(1) + 107 =2 — 24 + 107 = 85
f(3) = 2(27) — 24(3) + 107 =54 — 72 + 107 =
89

Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occurring at x
= 3.

Next, we consider the interval [-3, —1].

Evaluate the value of f at the critical point x = =2 . [-=3, —1] and at the end points
of the interval [1, 3].

f(=3) = 2 (-27) — 24(-3) + 107 = =54 + 72 + 107 =
125 f(—1) = 2(=1) — 24 (-1) + 107 = -2 + 24 + 107 =
129 f(=2) = 2(—8) — 24 (=2) + 107 = —16 + 48 + 107 =
139

Hence, the absolute maximum value of f(x) in the interval [-3, —1] is 139 occurring at
X

= -2.
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It is given that at x = 1, the function x4— 62x2 + ax + 9 attains its maximum value,
on the interval [0, 2]. Find the value of a.

Answer
Let f(x) = Xt - 62x2 + ax + 9.
S f(x)=4x"-124x+a

It is given that function f attains its maximum value on the interval [0, 2] at x = 1.

SufTI)ZO
=4-124+a=0
= a=120

Hence, the value of a is 120.

Find the maximum and minimum values of x + sin 2x on [0, 2n].
Answer

Let f(x) = x + sin 2x.

= f'(x)=142cos2x

. 1 T (=) 2n
Now, f'(x)=0=>cos2x =—=—=~c0s—=cos| T—— |=cos—
2 3 \ 3 3
2
2n ,
2x=2n t— nel
3
T P
=>x=mt—, nelk
.
T 2n 4n Sm
=>x==,—,—,—¢€[0,2r]
33T 3 73
n 2n 4 Sm
X = — —
gy - Y ?
Then, we evaluate the value of f at critical points 3 3 3 3 and at the end

points of the interval [0, 2n].
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(7Y n .2t n 3
= |=—+SII‘I—=—
3) 3 3 3 32
. (2rY 2 . 4m 2m 3
l3) 8 "3 3 2
(4ny 4n . & 4m 3
()t D
3/ 3 3 3 2
P . =
A4 % Sn . 10 S5m0 3
F ] ‘=T+51HT— -
L3 ) 3 3 3 2

f(0)=0+sin0=0
f(2n)=2n+sindn =2n+0=2n
Hence, we can conclude that the absolute maximum value of f(x) in the interval [0,

2n] is 2n occurring at x = 2n and the absolute minimum value of f(x) in the interval
[0, 2n] is 0 occurring at x = 0.

Find two numbers whose sum is 24 and whose product is as large as
possible. Answer

Let one number be x. Then, the other number is (24 — x).

Let P(x) denote the product of the two numbers. Thus, we have:
P(x)=x(24-x)=24x-x
P(\) =24-2x

P'(x)=-2

Now,

P(2)=0 = x=12
Also,

P"(12)=-2<0

~ By second derivative test, x = 12 is the point of local maxima of P. Hence, the
product of the numbers is the maximum when the numbers are 12 and 24 — 12 = 12.

Find two positive numbers x and y such that x + y = 60 and xy3 is maximum.
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Answer

The two numbers are x and y such that x + y =
60. .~ y =60 —x

Let f(x) = xy3'

= f(x)=x(60-x)

- f'(x)=(60-x) —3x(60-x)’

=(60-x)"[60-x-3x]
=(60-x)" (60 4x)

And, £"(x) =-2(60- x)(60 - 4x) - 4(60 - x)’
= -2(60—x)[ 60—4x+2(60-x)]
=—-2(60-x)(180-6x)
=—12(60-x)(30-x)

Now, f'(x)=0 = x=60orx=15

When x =60, /" (x)=0.

Whenx =15, /"(x)=-12(60-15)(30—15) = ~12x45x15 < 0.

.~ By second derivative test, x = 15 is a point of local maxima of f. Thus, function xy3

is maximum when x = 15andy = 60 — 15 = 45,

Hence, the required numbers are 15 and 45.

Find two positive numbers x and y such that their sum is 35 and the product xzy5 is

a maximum

Answer

Let one number be x. Then, the other numberisy = (35 —
X). Let P(x) = x2y5. Then, we have:
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P(x)=x*(35-x)
o P'(x)=2x(35-x) -5x*(35-x)

=x(35-x)"[2(35-x)-5x]

[h—r) (70-7x)

:7xps x)' (10— x)
)UD—1)+?%_(3 -x)' ~4(35-x) (10-x)
) (10-x)-7x(35-x)' ~28x(35-x) (10-x)
[35 (m_ ¥)-x(3 5—x}-4x(m-x)]
x)'[350 ¥ = 35x+x" —40x+4x |
%) (

6x’ —1?01+zso)

{ o )=
Now, P'(x)=0 = 0, x = 35, x = 10

"x)=F([x)=0
When x = 35,‘/ (‘) / (‘) { and y = 35 — 35 = 0. This will make the product x2 y5
equal to 0.
When x = 0, y = 35 — 0 = 35 and the product xzy2 will be 0.

. X = 0 and x = 35 cannot be the possible values of
X. When x = 10, we have:

P"( ) 7(35- ) (6x100-120x10+350)

= 7(25)‘ (—250)-—;0
~ By second derivative test, P(x) will be the maximum when x = 10 andy = 35 — 10
= 25.

Hence, the required numbers are 10 and 25.

Find two positive numbers whose sum is 16 and the sum of whose cubes is
minimum. Answer

Let one number be x. Then, the other number is (16 — x).

Let the sum of the cubes of these numbers be denoted by S(x). Then,
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S(x)=x+(16-x)

L 8'(x)=3x" -3(16- x): . 8"(x)=6x+6(16-x)
Now, §'(x)=0 = 3x*-3(16 —.\'i)i =0
=x"~(16-x) =0

= x'=256-x*+32x=0

-
:ﬁ,\*:-:'\'ﬁ:S

32

o d —] — :') . :(
Now, S"(8)=6(8)+6(16-8)=48+48=96>0

By second derivative test, x = 8 is the point of local minima of S.

Hence, the sum of the cubes of the numbers is the minimum when the numbers are
8 and 16 — 8 = 8.

A square piece of tin of side 18 cm is to made into a box without top, by cutting a
square from each corner and folding up the flaps to form the box. What should be the
side of the square to be cut off so that the volume of the box is the maximum possible?

Answer

Let the side of the square to be cut off be x cm. Then, the length and the breadth of
the box will be (18 — 2x) cm each and the height of the box is x cm.

Therefore, the volume V(x) of the box is given
by, V(x) = x(18 — 2x)?
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LV (x)=(18-2x)" —4x(18-2x)
={:|342..\')[]R~Q.\’—4x]
=(18-2x)(18-6x)
=6x2(9-x)(3-x)
=12(9-x)(3-x)

And, V"(x)=12[ —(9-x)-(3-x )J

=—12(9-x+3-x)
=-12(12-2x)

=-24(6-x)

Now,V'(x)=0 = _ g orx=3

If x = 9, then the length and the breadth will become 0.
SeX # 9.
=x = 3.

No

-+ By second derivative test, x = 3 is the point of maxima of V.

w, V'(3)=-24(6-3)=-72<0

Hence, if we remove a square of side 3 cm from each corner of the square tin and
make a box from the remaining sheet, then the volume of the box obtained is the

largest possible.

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by
cutting off square from each corner and folding up the flaps. What should be the side
of the square to be cut off so that the volume of the box is the maximum possible?

Answer

Let the side of the square to be cut off be x cm. Then, the height of the box is x,

the length is 45 — 2x, and the breadth is 24 — 2x.

Therefore, the volume V(x) of the box is given by,
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Vix)=x(45-2x)(24-2x)
= x(1080—90x — 48x +4x" )
= 4x’ —138x’ +1080x

SV (x)=12x" -276x+1080

! (\1 —23.r+(){})

[

= 12(x-18)(x~3)
V"(x)=24x-276=12(2x-23)
V'(x)=0 _

Now, —x=18and x =5

It is not possible to cut off a square of side 18 cm from each corner of the

rectangular sheet. Thus, x cannot be equal to 18.
~X=05

1t -.: 2 =32 =12(- '.'_—g
Now,”"(5)=12(10-23) =12(~13) =156 <0

-+ By second derivative test, x = 5 is the point of maxima.

Hence, the side of the square to be cut off to make the volume of the box

maximum possible is 5 cm.

Show that of all the rectangles inscribed in a given fixed circle, the square has

the maximum area.

Answer

Let a rectangle of length | and breadth b be inscribed in the given circle of radius

a. Then, the diagonal passes through the centre and is of length 2a cm.

a

Now, by applying the Pythagoras theorem, we have:
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(2a): =1’ +b

=b’=4a’ -I*

= b=4a' -1

- Area of the rectangle, 4=/V4a =1’

d_-j_ Tz 2 1 A - ,_3_2_#
"d;'_‘Ha I+l ——=(-2I) =~4a" -1 Ny

2Jaat - 12

_ 4a’ -2l
Vda' -1

d* A ; Zm

dr (10 -7)
_(4a® -1)(ar) <140 -2
{4a2 i )‘
_—12d1+28 _ 2U(6a’ 1)

- i E]

(4{3E -7? )_ [4a2 - )-

Nn‘muj—: = 0 gives 4a° =2I° =1 =+2a

= b=+4a® -2a’ =2a* =2a
Now, when [ = \.-'r?_.a,
d2A —2(\/3_(1)(6(:3 -24° ) —8#5:13

5 — a = o
dl” 24 2a’ 24J24°

=—4 <0

-+ By the second derivative test, when! = \E", then the area of the rectangle is

the maximum.

Since!/ =b = \5", the rectangle is a square.

Hence, it has been proved that of all the rectangles inscribed in the given fixed

circle, the square has the maximum area.
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Show that the right circular cylinder of given surface and maximum volume is such
that is heights is equal to the diameter of the base.

Answer

Let r and h be the radius and height of the cylinder respectively.
Then, the surface area (S) of the cylinder is given by,

S =2’ +2nrh

S -2mr
S h=—-
2nr
S{1)
| — — ] — r
2\ r)
Let V be the volume of the cylinder. Then,
; 217801 Sr
V=mrh=m|— —|-r|= O nr
2an\r ) 2
iV S = sd2¥
Then, £ - ——3mre, ‘— = —6mr
dr 2 dr-
1V S 5 51 o
Now, == 0= —=3m =r =—
dr 2 6
2¢r { \l
5 D 17V S
When r~ =—, then ‘_\: —6m | f — |<0.
6n dr- vom |
r=—
By second derivative test, the volume is the maximum when 6m
= S 6mr (1)
Now, when - =—, then h = | l— r=3r-r=2r.
6n 2w \ r

Hence, the volume is the maximum when the height is twice the radius i.e., when
the height is equal to the diameter.

Of all the closed cylindrical cans (right circular), of a given volume of 100 cubic
centimetres, find the dimensions of the can which has the minimum surface
area? Answer

Let r and h be the radius and height of the cylinder respectively.
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Then, volume (V) of the cylinder is given by,
V=mrh=100 (given)
= IOQ

o ,
e

Surface area (S) of the cylinder is given by,

> , 200
S =2ar" +2nrh =2nr" +——
2

ds 200 d’S 400
Si——=m AR =, ——mixt—
dr r* dr® r
\ 2
ﬁ =0 = 4nr= i
dr e
., 200 50
VN =—=—
4n T

= ().

|
g 50 d°S
Now, it is observed that when r=| — | . =
4 dar’

~ By second derivative test, the surface area is the minimum when the radius of the

%)
— | cm
cylinder is X .
| |
thnrz{ggjv, h= 190 == 2:30 7 =2[29]‘ cm.
R (so]» (50% () ¥
n\ T,

Hence, the required dimensions of the can which has the minimum surface area is

given

| I
[50].l (SOJA
— | cm 2| — | cm.
by radius = \ and height = -

Question 22:
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A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into
a square and the other into a circle. What should be the length of the two pieces so
that the combined area of the square and the circle is minimum?
Answer
Let a piece of length | be cut from the given wire to make a square.
Then, the other piece of wire to be made into a circle is of length (28 — I) m.

/

Now, side of square = 4 .

, 1
2ar =281 = r=—/(28-1/).
Let r be the radius of the circle. Then, 2n

The combined areas of the square and the circle (A) is given by,

A = (side of the squarey + r*

fr: ] A ‘ 2
=—+m|—(28-1/
16 Ln( )}
P o1 .
== 28-1
16 4n( )
dd 21 2 I 1, _
S—=—4—(28-])(-1)==——(28-]
dl 16 4n( )( ) 8 En( )
d—‘:f=l+ir«~ (0
di~ 8 2n
Now, di:() = i—i(gg_;):u
el 8 2n°
_4{38f
_>ru’ (28 ;'):0
3n

= (n+4)-112=0
_ 112

n+4

=]

jo 12 dA

/ = 0.
Thus, when ~ T+4 dl

2
. 2

-+ By second derivative test, the area (A) is the minimum when n+4
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Hence, the combined area is the minimum when the length of the wire in making the

112

square is T4 while the length of the wire in making the circle

112 287
28 - = Tcm
is n+4 wn+4

Prove that the volume of the largest cone that can be inscribed in a sphere of radius R is
8

27 of the volume of the

sphere. Answer

Let r and h be the radius and height of the cone respectively inscribed in a sphere
of radius R.

Let V be the volume of the cone.
E 5
V==mrh
Then, 3

Height of the cone is given by,

=R+JR*-1? [ABC is aright triangle|

h=R+ AB
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-~V =]5m-3 (R+VRE-r)

=lm3;e+lm~ R -r°
3 3
d 2 2 5 3 5 —21
ay =—JurR+ m'u‘R‘—r‘+lm"'- ( )
dr 3 3 3 VR -2
2 2 N r
=—mR+_-wrJR -r’ -——n——
3 R =r
2 Em'(R:’—: )—m‘
=—mrR+ -
R -
2 2wrR? =3
=2 R 2nrR 3151
WR -1

'\ﬁ - - 1 P22, (_2’“)
d3i=-’:2::R+“R r* (2nR* -9nr% ) - (2mrR Jxr)ﬁm

9(!".I —rz)(Qz'rl-:"2 9 )+ 2nr R + 30

dr’* 3 Q(Rf_r’)
1)+,’
3

27’(.”'3'1 i )3

dl’ 2 3t - 2mrR’
Now, =0 = & rR=
dr 3 R —F
2 =" 2 — ~ " .
»2R="_"2R R IR P =3 2R
R; -

= 4R - 4R’ =9r' +4R' -12°R*

= 9r* = 8RR’
=5 p :ERI
9
, R 2y
When »- =§R', then a — = (.
9 dr”

. By second derivative test, the volume of the cone is the maximum when
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thnr3=§R3. h=R+ R3—§R3:R+ lR-"=R+E=i :
9 \l 9 VC) 3 3

Therefore,

=1n(§/e3](i/e)

3\9 3

:i[ink‘)
273 Y,

= % x ( Volume of the sphere)

: ; ‘ i A8
Hence, the volume of the largest cone that can be inscribed in the sphere is >

the volume of the sphere.

Show that the right circular cone of least curved surface and given volume has an

altitude equal to \ﬁtime the radius of the
base. Answer

Let r and h be the radius and the height (altitude) of the cone
respectively. Then, the volume (V) of the cone is given as:

V= . nih=h=-
3n

~

The surface area (S) of the cone is given by,

S = nrl (where | is the slant height)

= + i
N+ VP

s -
=T r+—— ;
nr nre

r

A
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3 %

omr

F-
'd_S_ 27‘3" 2rﬁ9 I"':
" dr P
I A et L

:"’u"n?rﬁ _'_91_;3

2n’r® -9)*

=
B ) e
rrNTrt o

B T S | A
PP +9p?

!’S " R ) E”:
Now, 22 = 0= 21%r* =912 = ° = ;
(E’I‘ 2_‘1_

72 2

e 9ld§ > 0.
Thus, it can be easily verified that when 2n°  dr
r(v 2 ?_l:
By second derivative test, the surface area of the cone is the least when 2n

2 -

b1l 3

1
. 97 w3 (204 3 2mf
When r' =—, h=—=— = . = \/Er.
2n - mr
Hence, for a given volume, the right circular cone of the least curved surface has an

altitude equal to \Etimes the radius of the base.

Show that the semi-vertical angle of the cone of the maximum volume and of given
slant

height
is tan™' \5 .

Answer

Let 6 be the semi-vertical angle of the cone.

0 e {O. %}
It is clear that “

Let r, h, and | be the radius, height, and the slant height of the cone
respectively. The slant height of the cone is given as constant.
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Now, r=1sin®and h =1 cos 6

The volume (V) of the cone is given by,

I

g
b=

=

tad || —

'¢)|—‘ I’)I_.

(! sin’ )(stﬁ)

al’ sin’ @cosd

gl
:.%=¥[sm (-sin@)+cosd (2 sm(i’cos(?)]
& a
‘7[

b

= [—sin’+25in0cos 19]

Bl
2

- = %[—SSirf fcos@+2cos’ 0 —4sin’ (Jcos()}
i

= ITn[Z cos’ & —Tsin’ ()cos[)]
3

Now, ;:O
de

= sin’@=2sinfcos’

=tan’f=2

= tanf =2

=@ =tan"'2

Now. when @ = tan™' y@. thentan® @ =2 or sin” & =2cos’ 6.
Then., we have:

d’V
do’

| &

Iqﬁ["wx & =14cos’ t?] —d7l cos™ 0 <0 for 9E|:

|

-1
~ By second derivative test, the volume (V) is the maximum when & = tan \/5
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Hence, for a given slant height, the semi-vertical angle of the cone of the maximum

. =]
volume js lan \E.

The point on the curve x2 = 2y which is nearest to the point (0, 5) is

) (’2\/5,4)(8) (22,0

(C) (0, 0) (D) (2,
2) Answer

The given curve is x2 = 2y.

2)

For each value of x, the position of the point will be"

X°

-
The distance d(x) between the points [ ~ Zand (0, 5) is given by,

>

2 B2 i { > % 3 H )
!@--0)4[%—5] =\)_r-+i;+25—5.\--= '—‘;—4.\-L+25

V

d(x)=

( x - 8x) (.\'" - Sx)

) [ aags VX -16x7+100
Ng T
Now, d'(x)=0=>x"-8x=0
:.\'(.\' -8)=0
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m<3x: - 8) - (Jrz 8,\')- dx” —32x

2Wxt —16x* +100

And. (\) — (",4 —16x + lOO)

(x* =165 +100)(3x" —8)—2(x" —8x)(x" - 8x)

(x* 1657+ 100)§

(x* ~16x" +100)(3x> ~8) -2 (x* ~8x)’

(x*—16x"+ 100)-:

36(-8
x=0,thend"(x)= —(———2
When, 6

<.

When,x = i‘Z\/E, d"(x)>0.

- By second derivative test, d(x) is the minimum atXx = 22 .

.
When 2

Hencea the point on the curve x2 = 2y which is nearest to the point (0, 5) is
(tzﬁ, 4
. The correct answer is A.

Question 28:

For all real values of x, the minimum value of I+x+Xx" s

(A)O0(B)1
1

(©)3(D) 3

Answer
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'(l +x+x° )(_] + Z,x)—(] *-’C+x:){| +2%)

(I+.v¢+x:)j

f'(x)=

2=y 25l = 2 = 1=2x e x+ 2x = =22

(l+x+x3)2

ai-2  2(¥-1)
(]H'_\"f.\fl): _(I+Jr+x3)2

LF(3)=0 = & =1 =w=l

2[(I+x+x“)1(21) (1 —l)( ){|+t+1 ){I+7r]]

Now, /"(x)= | ]
+x4x

_4(jl+x+x3)[(l+\+r) ~(x*=1)(1+21)]

B (l+.r+_.\")

B 4[.’:+.1rl +x - -2+ 1+ 2.:]
- (l+x+.\'jf
) 4(1+3x-x")

(l+x+.\r1)3
4(1+3-1) _4(3) 4

And, f - -

"1)= (1+I+I] (3) 9

4(1- 1+l)

Also, f"(-1)=——— 1)=—-4<0

T ED
~ By second derivative test, f is the minimum at x = 1 and the minimum value is
given I-1+41 1

~ 1+
f(]): =

by 1+1+1 3,

The correct answer is

D.

Question 29:

I
.\'(.\'—-l)+l]" O0<x<t,

The maximum value of [ is
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|
13

o | -

(A) \3) (B)
(©)1(D)

0 Answer

Letf(_-") =[x(x-1)+ l]i,

“ 2x -1
Sn f (_\’):——3
3[.\'(‘x—l)+lJ€-‘
1
Now, f'(x)=0 = ==
X=
Then, we evaluate the value of f at critical point

| -

and at the end points of

the interval [0, 1] {i.e., at x = 0and x = 1}.
f(0)=[0(0-1)+1] =1
f)=[10-1)+1] =1

|

(GHBE) -

Hence, we can conclude that the maximum value of f in the interval [0, 1] is
1. The correct answer is C.
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Using differentials, find the approximate value of each of the following.

&)
(@) &1/ (b)

|
(33) 5 Answer

(a) Consider

At [ AR T 5
Then,A_\—(.\+_\\) X

(17 T _|’E“‘I‘

\ _1 \81)

|
(17 2
‘ —_— I :—+‘.'\r‘.'
L 81 3
Now, dy is approximately equal to y and is given by,
(dy) | :
dy = L L\\‘:—;(A\') (asy = A\"‘w
\ax ) 4(x): \ )

|
2
(QT is =+0.010

Hence, the approximate value of * 8 = 0.667 +

0.010 = 0.677.

(b) Consider? =% ", Let x = 32 and x = 1.
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| =X 1 1 1
Ay= 4+ Ax) 5 =57 = (33)7 =(32) 3 = (33) 5 —-
Then, : 2
(333 =%+ Ay

Now, dy is approximately equal to y and is given by,

: — |
dy :(ﬂ](,_\;) = . —(Ax) [asy =x3 ]
dx

5(x)s
I

= (]):_

5(2)

=-0.003
320

Hence, the approximate value of

1
(33) sis l+(-0.003)
2 = 0.5 — 0.003 = 0.497.

o, log x
f (\_) = i
Show that the function given by X has maximum at x =
e. Answer
: log x

The given function is f (x) =

x(l)_]og.\‘ -
fl=—E—e

X X

Now _,"((‘-):0

4

=1-logx=0
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= logx=1
= logx =loge
—x=e

X (— J ] —(1-log x)(2x)

X

Now, f"(x)= -
X
_=x-2x(1-logx)

4

X
—-3+2logx

'\..‘s
-3+2loge -3+2 -1
8€ =—<(

e’ e’ e

Now, f"(e)=

Therefore, by second derivative test, f is the maximum at x =e.

The two equal sides of an isosceles triangle with fixed base b are decreasing at the
rate of 3 cm per second. How fast is the area decreasing when the two equal sides are
equal to the base?

Answer

Let AABC be isosceles where BC is the base of fixed length
b. Let the length of the two equal sides of AABC be a.

Draw AD.. BC.
A
a, o
B 5 D b C
2 2

Now, in AADC, by applying the Pythagoras theorem, we have:

n

nii
AD= |a" ——
V' 4
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(A) :ll_; a’ __Q_

| ,
. Area of triangle 2. 4

The rate of change of the area with respect to time (t) is given by,

d4 1 2a da ab da
it SO, S I L
dr 2 [ . p* dt \f4‘-,-’ —p* dt

2\ia' -
4

It is given that the two equal sides of the triangle are decreasing at the rate of 3 cm
per second.

da: s
— =3 CIN/S
.odt
_dA 5 ~3ab

Cdt Vaa' -b*

Then, when a = b, we have:

dt - Jap?—p>  \3p°

Hence, if the two equal sides are equal to the base, then the area of the triangle is
J3bem’/s .

decreasing at the rate of

Find the equation of the normal to curve y2 = 4x at the point (1,
2). Answer

The equation of the given curve isy = 4"'_

Differentiating with respect to x, we have:

2.\'£:4
dx
d 4 2
dc 2y y
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— __ — _1.the normal at point (1, 2) is

~ Equation of the normal at (1, 2)isy — 2 =

-1(x — 1).

.y —2=—-x+1
~ X+y—-3=0

Show that the normal at any point 8 to the curve

x=acos@+alsin@, y=asind—alcosl

Answer

We have x = acos 0 + a 6 sin 6.

% =—asin@+asin@+af cosd = al cosl
dé

yv=asin@-abcosl

% =qcos@—acos @+ alfsinf = alfsin
[
dv dy df afsin@
S e e = ———— = tan @
dx d@ dx afcoslO

- Slope of the normal at any point 8 is tané

The equation of the normal at a given point (x, y) is given by,

= ;
(x—acos—aflsind)

y—asind +afl cosf) =
tan ¢

= ysinf@—asin® @ +af sinf cosf = —xcosd +acos’ @ +ablsind cost

= xcosf+ ysin@ ~ a(sin: A+ cos’ H) =

= xcosf+ ysind-a=0

Now, the perpendicular distance of the normal from the origin is
= _|-4|

Jeos 0+sin?0 V1

, which is independent of 6.

Hence, the perpendicular distance of the normal from the origin is constant.

is at a constant distance from the origin.
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Question 6:
Find the intervals in which the function f given by

f(x)

4sinx—2x—-xCosx

2+Cosx

is (i) increasing (ii)
decreasing Answer

dsinx—2x—xcosx

f(x)=

2+cosx
(2+cosx)(4cosx—2—cosx+xsinx)—(4sinx—2x—xcosx)(—sinx)

LSy =

_(2+cosx)(3cosx—2+xsinx)+sinx(4sinx—2x—xcosx)

(2+cosx)’

(24cosx)’

_ 6cosx—4+2xsinx+3cos’ x—2cosx+xsinxcos X +4sin’ x—2xsinx - xsin xcosx

(24-(:05.\')2
_4cosx—4+3cos’ x +4sin’x
- (2 +<:os.\')2
_4cosx—4+3c0s” x+4-4cos’ x
- (2+cos .vr)3

_dcosx—cos’x _ cosx(4—cosx)
(2+cosx)’ (2+cosx)’
f'(x)=0

Now,

= cosx =0o0rcosx =4

But, cos x # 4

~cosx =0
T 3n
=S X=—,—
P Al
T 3n
Now,x =— and x = —
2 2

divides (0, 2n) into three disjoint intervals i.e.,
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|'.. i lf "| l’r 1 “1‘
| U,E} E,j— and | 2% 2z |.
|,L‘ 2 L 2 | ‘I\_ 2 ,"
(o 3r . )
U,—] and [ LT () 0
In intervals‘k, 2, 2 | f'(x)>0.
x 3n
0<x<—and— < x < 2m.
Thus, f(x) is increasing for 2
T 3T\ .7
L;.7 |~/ (,\‘)< 0.
In the interval* < <
T 3n
—< X< —
Thus, f(x) is decreasing for 2 2
S :
f(x)=x +—,x#0
Find the intervals in which the function f given by X is
(i) increasing (ii)
decreasing Answer
J )|
f(x)=x"+=
b
i w3 373
S f(x)=3x" - =
X X
Thcn._/"(x) =20=33x" -3=0=x"=1=x=41
Now, the points x = 1 and x = —1 divide the real line into three disjoint intervals
i.e.,(_gc‘_l)'(_l'l)’ and (1,%).
In intervals(—%:—1) and (1,) i.e., when x < —1 and x >

1,./‘ (‘) > 0. Thus, when x < —1 and x > 1, f is increasing.

f'(x)<0.

Ininterval (-1, 1) i.e., when -1 <x < 1, °

Thus, when —1 < x < 1, f is decreasing.
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"\'__» ' ‘ aximum area of an isosceles triangle inscribed in the ellipse
— =
a b with its vertex at one end of the major axis.
Answer
v

c
(a, 0)

Let the major axis be along the x —axis.

Let ABC be the triangle inscribed in the ellipse where vertex C is at (a, 0).

Since the ellipse is symmetrical with respect to the x—axis and y —axis, we can
assume the coordinates of A to be (—x1, y1) and the coordinates of B to be (—x1,
—Y1).

b
Y =—=ya —-x
Now, we have a

/ h ﬁ\.
—X), —\a@ =X
a

«. Coordinates of A are k J and the coordinates of B are

s 3
X1y ——aAf@— Xy
1» I
L a o

As the point (x1, y1) lies on the ellipse, the area of triangle ABC (A) is given by,
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. b iﬁ ¢ b 2 '7-'
. ]_'_(__‘-I][—a\l'a‘ - X, ]+(—_r|)(—a a’ —x; J‘
= .4=b.{a:—x,z +J&’.Ew..'ﬂ'1 ‘a‘ﬁz (I)

o

o dA _ -2x,b % ﬁ m_ 2bx;

ke s ]2 2 A 1_ 2
de  2Ja'-x ¢ a2\a’ - x
b T L
=-— —_r,a+[a —x,)—.r,
2 1
azJa’ —x;

b(—Z.xf -x,a+a’ )

a\.’l a’—x'

Now, ﬁ =1
dx,

==2x -xa+a’ =0

= x =-a,

But, x1 cannot be equal to a.
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.".xlza::»r}-']=b al_“'=”“\r=ﬁ"
2 a 4 2a 2
| &
V@' =x (=4x —a)-(-2x] ~xa+a?) (2x) :
ﬁiz«q b 2 - —._;
Now, —=— B
Xoooda a -x
(d'E —-x _)(‘4-"'1 —a)+x, {—fo -xa+a )
{ﬂz '-\'lz]i
_ 2y =3a'x—a’
== :
(a:"' —.fo
a

3 3 3
a a . a 3 5 ;
{)'If a ’ 2 z a i 4 ! ;
Ja- )? 3(1 :
4 | 4
9 o
—
:—2'{4—3?{0
o [E VAT
4
- _ﬂ
-I'__>
Thus, the area is the maximum when 2

Maximum area of the triangle is given by,
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, @ f(alb |, d
A=b\}a —%4'+ ,)Jva -

\~

3 (a\b a3
= ub——‘ —J—x
2 \2)a 2
SR
ab\3 aby3 3 /3
= — o = —"b
2 4 4

A tank with rectangular base and rectangular sides, open at the top is to be
constructed so that its depth is 2 m and volume is 8 m3. If building of tank costs Rs 70
per sq meters for the base and Rs 45 per square metre for sides. What is the cost of
least expensive tank?

Answer

Let I, b, and h represent the length, breadth, and height of the tank
respectively. Then, we have height (h) =2 m

Volume of the tank = 8m3
Volume of the tank = | x b X h
. 8=I1xbx2

;:>/b:4;>b=i

Now, area of the base = |b = 4
Area of the 4 walls (A) = 2h (I + b)

.4=4(I+EJ
!
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However, the length cannot be negative.
Therefore, we have | = 4.,

[):i:—‘:i:z
I 2
2
Now, d ‘1 :1}{-
a- I
.1/ 11
Whishizue: A Lo B8 ey
dl 8

Thus, by second derivative test, the area is the minimum when | =
2. Wehavel=b =h=2.

=~ Cost of building the base = Rs 70 x (Ib) = Rs 70 (4) = Rs 280
Cost of building the walls = Rs 2h (I + b) x 45 = Rs 90 (2) (2 +
2) = Rs 8 (90) = Rs 720

Required total cost = Rs (280 + 720) = Rs 1000
Hence, the total cost of the tank will be Rs 1000.

The sum of the perimeter of a circle and square is k, where k is some constant.
Prove that the sum of their areas is least when the side of square is double the
radius of the circle.

Answer
Let r be the radius of the circle and a be the side of the
square. Then, we have:

2nr +4a =k (where k is constant)

k—2nr
= a=

The sum of the areas of the circle and the square (A) is given by,

(k—2ar)
16
; dd _ _— 2(k—2ar)(-2n) s | n(k—2mr)
dr 16 4

A=mwr'+a =mr" +




Class XII Chapter 6 — Application of Derivatives

Maths

Now, - 0

dr

n(k—2nr)
4
Br=k-2nr

= 2mr =

=(8+2n)r=k

k k
T8+2n 2(4+m)
‘ d’ A

-
Now —=2n+—=>0
dr’ 2

=F

.. When » =L. ﬂ = 0.
2(43— ) dre

» The sum of the areas is least when

k—2n|:

}_k(ém e ko 4k

When r = k sl =
2(4n ) 4

Hence, it has been proved that the sum of their areas is least when the side of
the square is double the radius of the circle.

44w ) 44w

A window is in the form of rectangle surmounted by a semicircular opening. The total

perimeter of the window is 10 m. Find the dimensions of the window to admit
maximum light through the whole opening.

Answer

Let x and y be the length and breadth of the rectangular window.

Radius of the semicircular opening




Class XII Chapter 6 — Application of Derivatives Maths

{x)
-\\+—|—J
2\ 2,
. (ln ) 2
=x|5=x|—4+—|[+—x
2 4)| 8
{ \
=5_\'—.\1[~l~n+— r‘+* x
2 4) 8
( N\
d—A=5-2\’lnl»—r+—.\‘
dx \2 4/) 4
- T) w
:3—\(l+—J1~——\
.\ 2] 4
d*4 (. =) = T
—=—|I+—= |[+—=—-1——
dx” 4 4
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Now, ﬂ =
oy

-5 .r\n%‘-gx:o

= ,\" I+— ‘ =3

5 20
S x=- _=
" ny w+4
1+
L4
20 1* A
x= then < — < 0,
Thus, when n+4 dx’

20
X =-

Therefore, by second derivative test, the area is the maximum when length n+4

m

Now,

20 (2+m)

‘_§*5(v2+7[)_ 10
n+d4\ 4 ) -

y=5- m

n+4 n+4

Hence, the required dimensions of the window to admit maximum light is given

5
length = m and breadth =
by n+4 n+4

m.

A point on the hypotenuse of a triangle is at distance a and b from the sides of
the triangle.
Show that the minimum length of the hypotenuse is

1

{2 1\\‘*.
| a’ +b? ’
\ /" Answer

Let AABC be right-angled at B. Let AB = x and BC =vy.

Let P be a point on the hypotenuse of the triangle such that P is at a distance of a and
b from the sides AB and BC respectively.
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Let ~. C = 0.

A

Now,

PC = b cosec 6
And, AP = a sec

0 - AC = AP +
PC
. AC = b cosecB + asecH .. (1)
4(AC
‘ ( ) = -hcosecHcot & + asecH tan &
df
1(AC
Ld(a0) _
de

= asectan @ = bcosect cot
a sinf b cos@
cosd cosf  sind sind

= gsin’ @=hcos’ @

1 |
= (a)isind =(b)? cosd

::atan(?:[bT
.Ct

1 L
. b)s a)? :
ssin@ = % and cosf = % «(2)
‘Ju" +53 a® +h?
d* (AC)

2

It can be clearly shown that

~ < () when tan® =(
¢l

i

b]_’_
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Therefore, by second derivative test, the length of the hypotenuse is the maximum when

tan():{ér.

a

tanfd = [ﬁ)l

Now, when a/ , we have:

2 ) 7 >
Wa’*+b3> aVa® +b°

b? a’l

[Z_2(2 2
=Va? +b? [b‘ +a-‘)

AC [Using (1) and (2)]

1

2 2 \2
(u3+b3]

Hence, the maximum length of the hypotenuses is\

AN (v £ \3
Find the points at which the function f given by / (-'\ )=(x-2) (x+1) has

(i) local maxima (ii) local
minima (iii) point of inflexion

Answer

f(x)=(x-2)"(x+1).

The given function is-

L f(x)=4(x=2) (x+1) +3(x+1)" (x-2)"
=(x-2) (x+1) [4(x+1)+3(x-2)]
=(x-2) (x+1)’(7x-2)

(8]

Now, f'(x)=0 = x=-landx= = orx=2
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2 Qi
—~ =, f"(x)>0.
Now, for values of x close to 7 and to the left of 7 Also, for values of x close to
2 25 =
- =, f'(x)<0.
7 and to the right of 7
2
xX=-—
Thus, 7 is the point of local maxima.

2.1 (x) <0.

Now, for values of x close to 2 and to the left of ~ Also, for values of x close to

() 0.
2 and to the right of 2, S(x)>( Thus,

x = 2 is the point of local minima.

Now, as the value of x varies through -1, J (\) does not changes its

sign. Thus, x = —1 is the point of inflexion.

Find the absolute maximum and minimum values of the function f given by
f(x)=cos’ x+sinx,xe[0,r]
Answer
f(x)=cos” x+sinx
f'(x)=2cosx(-sinx)+cosx
=—-28IN XCOS X+ C0SX
Now, f"(x)=0

=> 2sinxcosx = cosx = cosx(2sinx—1)=0

=sinx=— or cosx=10

bk | —

:;.\':E. or Eas;xe][(},-rt]
6 “3

s

T T
x=—angdx=—

Now, evaluating the value of f at critical points 2 6 and at the end points of

)
the interval[( .n] (i.e., at x = 0 and x = n), we have:
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2

{ \

T4 f \/‘E

f

| .
\*?Zf
L2) 2 4

F(0)=cos’ 0+sin0=1+0=1

T I T
- |:cus —+8in—=
x_é,) 6 6

f(n)=cos’ n+sinm= (-1’ +0=1

Y
Ao .
— |=¢08"
j‘ = | cos

+sin—=0+1=1

3| =
2| o

A

n

T
X =

Hence, the absolute maximum value of f is 4 occurring at 6 and the absolute

T
xX= 0‘; ,andm.
minimum value of f is 1 occurring at -

Show that the altitude of the right circular cone of maximum volume that can be

in ’4’ribed in a sphere of radius r
is 3 . Answer
A sphere of fixed radius (r) is given.

Let R and h be the radius and the height of the cone respectively.

The volume (V) of the cone is given by,

V= ; TR*h

J

Now, from the right triangle BCD, we have:

BC =r* - R?

h=l"~\l‘: R:




Class XII Chapter 6 — Application of Derivatives

Maths

I»"":%T[Rg(r-i-Jrl—Rz):%mR1+%7{R =R
. _‘}R
ﬂ —rth+ n}N — 7 g )

drR 3 '3 'JJ,» -R?
=311:R: +— :rR\f'r R —
3 r —R
2 & ?.uR(rI —R3)~ft}\"
=—7Rr+ '
3 W —R
E - 2 _‘)‘ 3
=EHR]_+ 2aR 1 31:’?
3 NP —R

Now, d—l, =
dR”

2R 3wk - 2aRr’

3 3P-R
= 2rr - R* =3R* - 27
= 4 (- R) = (3R -2r*)
= 4! 47 R =R + 41 - 12R*
=9R' -8F'R* =0
—=9R* =8r

, 8

=R =—
9

BH(M:‘: ~9nR’ )~ (2nRr’ '3“R;)(_6R) rli

d.’-‘ Ir 21‘[?’ 2,\‘},.2 o RZ

Now. 2/~ 3 9(r-F)

a 2 2 z 2 2 a_n3i\f 1
_2nr+3\|{r R’ (2mr* -9nR® )+ (2nRr* —3nR ](311?}E ¥ ey

© 3 9(r* - &)

2 2

. 8 dV
Now, when R* = T it can be shown that — i 0.

» The volume is the maximum when 9
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8 2 8 2 I_’ 4
5 ‘i : X - s r r 4r
When R* = . height of the cone = r + /r‘ B/ A O
9 \ 9 Vo 3 03
Hence, it can be seen that the altitude of the right circular cone of maximum volume

4r

that can be inscribed in a sphere of radius r is 3

Show that the height of the cylinder of maximum volume that can be inscribed in a
2R
Ny

sphere of radius R is V- . Also find the maximum

volume. Answer
A sphere of fixed radius (R) is given.
Let r and h be the radius and the height of the cylinder respectively.

From the given figure, we have = 2VR* ~r7.

The volume (V) of the cylinder is given by,
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V=mr’h=2m?JR -r’
2 (=2
W e )

r 2N R —r*
2
=4nrVyR*-r* - —“f" =
R —r°
41{"(R2 - rz)— 2
RJ 4%, '.2
_ A4nrR® -6
R! = ’,'.’
dV E 4
Now, —=0 =4mR -6nr" =0
r
5 2R
= =—
3

2,3 2 g f; 2 gt (-2r)
- dzlf’:\m r* (4nR* —187r7 ) - (4mrR 6nr)2 ¢ o

dr® (Rz o r.‘)
(R =r*)(4nR* ~187r° ) + r(47rR* —67r° )

(r-r)

AnR =220 R + 1210 + 4’ R?
== 3

(1 -y

i 2R
o= e}
Now, it can be observed that at 3 ar
2R
- The volume is the maximum when 3

_‘ ZR- H —_—— #R—: = —_—
When 3 , the height of the cylinder is 3

Hence, the volume of the cylinder is the maximum when the height of the cylinder

2R

isﬁ.
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Show that height of the cylinder of greatest volume which can be inscribed in a right
circular cone of height h and semi vertical angle a is one-third that of the cone and the

gr‘4‘““ -='-—e of cylinder
;—7[/1" tan” &
is 27 . Answer

The given right circular cone of fixed height (h) and semi-vertical angle (a) can be
drawn as:

Here, a cylinder of radius R and height H is inscribed in the cone.
Then, .- GAO =a,0G =r, OA =h, OE =R, and CE = H.

We have,
r = h tan
a

Now, since AAOG is similar to ACEG, we have:

A0 _CE
0OG EG
sl B [EG = 0G -OE]
r r—R
h h I
:Hz_(r._./\’): (htan(j(-— R): (htana—~ R)
- htan o tan o

Now, the volume (V) of the cylinder is given by,

4

e aRig = (htano.— R)=nR*h- il
tan o tan o
WL E 2

" dR tan o
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v
Now,L =1
dar
s Dol
tan a
= 2htanw =3R
3
— ——h tan
Now, (I_I: =2nh—- Gx
dR- tan e
2/
R= i tan &
And, for 3 , we have:
:I’ 7 f 2/ \
& —=27h o —Ilun a |=2nh—-4nh=2ah<(
dR” tane | 3 '

. By second derivative test, the volume of the cylinder is the greatest when
o 2h
R=—tane.

. 2h / 2} ) 1
When R=—tana. [ =- htano — tano | =
3 tan o, ]

-

(htano 'y h
tanct', 3 3

Thus, the height of the cylinder is one-third the height of the cone when the volume
of the cylinder is the greatest.

Now, the maximum volume of the cylinder can be obtained as:

( 2h YUY o A crm o BN A yascicn
n| —tana ‘7]:7[ tan“ e || - |=—nh' tan” &
L3 S NS 9 A3/ 27

Hence, the given result is proved.

A cylindrical tank of radius 10 m is being filled with wheat at the rate of 314 cubic
mere per hour. Then the depth of the wheat is increasing at the rate of

(A) 1 m/h (B) 0.1 m/h

(C) 1.1 m/h (D) 0.5
m/h Answer
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Let r be the radius of the cylinder.
Then, volume (V) of the cylinder is given by,

V=n( radius'): x height

=n(10)’ A (radius =10 m)
=100nh
Differentiating with respect to time t, we have:
ﬂ =100z ih
dt dt
Th'?l"bhll ie hainqg filled with wheat at the rate of 314 cubic metres per hour.
& —314m'h
dt

Thus, we have:

314=100x "

dt
dh 314 _3]4_I

_—_>._._-—-———-—_ =
dr 100(3.14) 314

Hence, the depth of wheat is increasing at the rate of 1 m/h.

The correct answer is A.

- —f° R v=21 -2~
The slope of the tangent to the curve X="+3-8,y=2"-2-5

22 6 7

¢ 7 7(©) 6(D)

at the point (2, —1) is

[ 0
7 Answer

The given curve is* = t* +3t—8 and y =2 -2t -5.

d—‘: 243 and $=4F—3
di dt

cdy _dv dr At-2

“dx dr dr 2+3

The given point is (2, —1).
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At x = 2, we have:

1?+3t—8=2

=1 +3t-10=0

=(t-2)(¢+5)=0

=>t=2o0rt=-5

Aty =-1, we have:

2t =2t -5=-1

=2t'-2t-4=0

=2(F-1-2)=0

=(t-2)(t+1)=0

=>t=2o0rt=-1

The common value of tis 2.

Hence, the slope of the tangent to the given curve at point (2, —1) is

i‘i] _4(2)—2_8—2 6
= 2(2)+3 4+3 7

dx |,

The correct answer is B.

The liney = mx + 1 is a tangent to the curve y2 = 4x if the value of m is
(A) 1(B) 2 (C) 3 (D)

1

2 Answer

The equation of the tangent to the given curve isy = mx + 1.

Now, substitutingy = mx + 1 in y2 = 4x, we get:

= (mx+1)" =4x

=m'x" +1+2mx—-4x=0

= m'x* +x(2m-4)+1=0 (1)

Since a tangent touches the curve at one point, the roots of equation (i) must be
equal. Therefore, we have:
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Discriminant =0

(2m—4) —4(m*)(1)=0

=4m" +16-16m—-4m* =0

= 16-16m=0

=>m=1

Hence, the required value of mis 1.

The correct answer is A.

The normal at the point (1, 1) on the curve 2y + x2 =3is
AAx+y=0B)x-y=0

O x+y+1=0(D)x—-y=

1 Answer

The equation of the given curve is 2y + x2 = 3.
Differentiating with respect to x, we have:

2 s
24 2e=0
dx

dv_

dx

& -
d'"wl.l)

The slope of the normal to the given curve at point (1, 1) is
-1
(/1’1

= =X

dx |

Hence, the equation of the normal to the given curve at (1, 1) is given as:
= y-1=1(x-1)

=>y-l=x-1

=>x=-y=0

The correct answer is B.
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The normal to the curve x2 = 4y passing (1, 2) is
(A)x+y=3B)x—-y=3

Cx+y=1(D)x—-y
1 Answer

The equation of the given curve is x2 = 4y.
Differentiating with respect to x, we have:

The slope of the normal to the given curve at point (h, k) is given by,

-1 2

(/}‘il h
dx (h%)

~ Equation of the normal at point (h, k) is given as:
-2

y—k=—(x-h)
h

Now, it is given that the normal passes through the point (1, 2).

Therefore, we have:

-2 2.
2-k=-——(1-h) ork=2+=(1-h) e 1)

h h
Since (h, k) lies on the curve x2 = 4y, we have h2 = 4k.
et

4

From equation (i), we have:
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h— =2+=(1-h)
h'
I
= —=2h42=2h=2
4
=i =8
= h=2
Sk = h— = k=1
4

Hence, the equation of the normal is given as:

-2
:>'\"‘l='?(.\'—2)
= y—-1==(x-2)
=>x+y=3

The correct answer is A.

The points on the curve 9y2 = x3, where the normal to the curve makes equal

intercepts with the axes are

(448 -8
(A)L.l‘t}] (B) “ 3)

)

3
8

acn|w

(C)\

Answer

(D) *

The equation of the given curve is 9y2 = x3.

Differentiating with respect to x, we have:

7 Sll =3 \
) dx
d\ _X

a'\ 61

.

The slope of the normal to the given curve at point
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-1 6y,
c/_vil o
dx s 0)

- X0 ).
~ The equation of the normal to the curve at ( 12 ')ls

y—y =— ;V' (x-x,).
z

-

= XY= X[ ¥y =—6xy, +6x,,

= 6xy, + X,y =6x,), + X, ),

6, Xy B
6x,y, +x7 ), 6xy, +x Y,
= S + Y =
x(6+x) »(6+x)
6 X,

It is given that the normal makes equal intercepts with the axes.

Therefore, We have:

L& (6+x) »(6+x)

6 X,
i R
6 x
= x; =6y, (i)

X)L
Also, the pomt( ) lies on the curve, so we have

f%_‘;ff = 3; )

From (i) and (ii), we have:
9 Y—’) = =2 = =X =4
6 ) 4

From (ii), we have:
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9y7 =(4) =64

, 64
=N = 9
8
3'“ :+;
{ 8
4 +—
4,._3].

Hence, the required points are'

The correct answer is A.
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